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PREFACE. 


In offering a new treatise on any science, it may be con- 
sidered encumbent on the author to point out wherein it 
differs from those already extaftt, and to explain the par- 
ticular object in view in its publication. 

In the present instance, the author's object is to facili- 
tate the study of lilcincntary Optics, with immediate refer- 
ence to the wants of the student, circumstanced as he nt 
present is in the University of Oxford. To this particular 
case none of the existing treatises appear completely 
adapted, and tliough such is the discouragement under 
which itliysical studies labour in this place, that the mere 
character of the treatises produced on these branches, 
can, perhaps, very little affect their actual progress; yet 
that no obstacle may remain which is capable of being 
removed, he considers it worthwhile to try to remedy the 
complaints against existing works, whether as too large 
and toe difficult on the one hand, or as incomplete and 
obscure on the other. 

Of those w'orks it is not his intention to speak in a tone 
of criticism, but merely to point out in wdiat particulars 
he has been led to deviate from the methods adopted in 
them. 

The treatise of Dr. Wood has long maintained its 
ground from the admirable soundness of its geometneal 
reasoning ; but the character thus given to it has necessa- 
rily produced two results, that of excessive length in the 
establishment of the theorems of ordinary reflexion and 
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refraction, and of limiting the langc of hubjoct to those 
few points whicli are susceptible of this mode of demon- 
stration : and in the most important of these, in point of 
fact, the author is obliged to deviate from the geometrical 
method, and though still in the disguise of a geometrical 
dress, to introduce, what arc in reality, analytical pro- 
cesses. * 

In the later treatises of Mr. Coddington, especially in 
his first and smaller work, these evils have been in some 
degree remedied. In liis new and larger work, tlie 
complete development of the theory of icflcxion, refrac- 
tion, and ojilical instimncnts is highly \ahiablc, but too 
elaborate for the hunted range of academical reading; 
whilst at present it is confined to these br.inchcs of the 
science. 

The valuable “ Treatise on Light and Vision,” by the 
Rev. II. Lloyd, F. T. C. I>. Dublin, IS.'JI, is peihups 
better suited to the purjioEes of general study, but ap- 
peals, in several parts uiinecessardy lengthy* and docs 
not extend to the higher properties of light. 

Dn the other hand, the masterly woik of Sir J. ITer- 
schcl, even were it to be had in a i>c})nrato form, is hardly 
of a description to suit the purposes of the academical 
student, at least until acadcinical study shall have ac- 
quired a much higher character than it can at present 
boast: whilst the popular treatises by Sir D. Brewster, 
in the Cabinet Cyclopedia and Library of Useful Know- 
ledge, from the professed avoidance of mathematics, arc 
of course deprived of all that coinprclicnsive brevity and 
perspicuity which results from the adoption of that valu- 
able instrument of investigation; and in regard to the 
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more recondite experimental results, the btiulout would 
feel rather overwhelmed with the multitude of details, 
than enli.iihtened by a view of general truths. 

In the present work it has been the author’s ciideavoiu 
to preserve the utn. ^ it degree of brevity consistent with 
])erspicuity, and to unite this with the greatest simplicity 
in the method of pursuing the investigation, s To ctlect 
these olijects ho has adopted throughout the analytical 
method, as that which conducts the student most easily 
and rapidly to the comprehensive principles of the science, 
at the same time taking care to point c.ut those propo- 
sitions which admit of clcg.int geometrical constructions. 
The immense advantage gained in this way, in point 
of conciseness, and avoiding those repetitions which occur 
m the ".'parato o«tnblishmcnt of the individual cases, 
will clearly appear uf on comparison ’ and it is pi’csumcd 
whatever tends thuf- abridge the labour of acrpiiring 
elementary knowledge, must be regarded as no iiicoiisi- 
dcrable aid to the advancement of the study. The ana- 
lytical methods made use ofj never extend beyond the 
very first elements of the dilleicntial and integral calculus 
And it is always an easier process for the student first to 
.ic{£uirc such knowledge botbre lie enters upon the study 
of the mixed brnnehes, than to proceed with those paits 
which may ho treated (though in a very disadvantageous 
form) by the application of gconiatry , when, after all, he 
must at a certain stage have recourse to analysis, with all 
the evils of a change of system, find ,iii unnecessary loss 
of time and trouble in the first instance. One source of 
abridgement has been found in the omission of the stepa 
of algebraical processes , but these are generally of such 
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a kind as will be quite obvious, and are properly passed 
over in a work whose specific business is not to teach ma- 
thematical processes, but supposing them already fami- 
liar, to employ them as instruments of physical investiga- 
tion. 

The range of subject which it has been attempted to 
include in this treatise, is considerably wider than that to 
which elementary works of the same description have 
hitherto been usually confined. This appears to be de- 
manded by the existing state of knowledge ; and the in- 
troduction of the more attractive subjects of recent dis- 
covery will not fail to act as an additional stimulus to 
the learner, to master the difficulties of the preliminary 
parts. It has hitherto been customary to draw a broad 
line of distinction between what were called maihemati- 
cat, or common optics, and physical optics ; a distinction 
vohoUy arbitrary f and nut a little repressive of the stu- 
dent’s advance into the latter portion of the subject, 
llcflexion and refraction arc as much physical properties 
of light, as polarization and double refraction. It so 
happens that from the simplicity of the laws which regu- 
late tlic two former, a multitude of important conse- 
quences arc deduced by mere mathematical reasoning, 
on the assumption of straight lines representing the di- 
rections of the rays; but this constitutes no essential 
distinction : and the only real division of the subject is 
that which would be occasioned by the necessity of intro- 
ducing a physical theory of the nature of light ; and a 
reference to such a theory has perhaps been regarded 
as inseparable from the discussion of polarization, co- 
loured ringp, &c. That these subjects, however, arc 



ijiiitc capable of being stated hi a way ontiivl) uncini- 
ncctcd with any physical liypothcsis, will be evident to 
any one who has studied them. And that they no more 
necessarily involve a theory than any of the properties 
of lenses or reflectois, but in ic*ility stand as completely 
oil their own basis of CK))erimcntal facts, reducible to 
mathematical laws, the author trusts will ha rendered 
e\ident to the satisfaction of every render in the follow- 
iug pages. 

To the neglect of this consideration is probably owing 
inueh of the reluctance which has prevailed to the gene- 
ral introduction of the study of the more recondite and 
delicate investigatioiis of the science : and the notion 
that they wen* identified with a gratuitous and doubtful 
(lieory, ^uulld seem actually to have thrown discredit^! 
-<nue of the most thoioughly established matters of fact 
uhieh the science (h-^closcs, and consid(>rably impeded 
its advance. The iilea of a physical polarity, and the 
theory ' f fits, would appear to have been so viewed that 
the creilit of the experimental conclusions seemed to be 
at .stake along with the tcrais. 

But these distinctions must now be generally recog- 
I'lzcd , and instead of making a division between classes 
of facts, where no essential dificrcnce can bo pointed out, 
the more correct mode of proceeding will be, throughout 
the whole course of optics, to keep separate the state- 
ment of the experimental laws, and of the theoretical 
priiici])les by which they may be accounted for. In the 
higher portions of the sidiject, this distinction has hardly 
perhaps entered into the view's of any writer. It lias 
been a main object, however, w'ith the author of the pre- 
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Moiil treatise, to keep the sttiteiiiciit and investi^ration ui' 
the expcriinciital facts, their niathcinatical laws, and the 
consequences (Icducible, entirely separate from what he 
conceives ought to constitute quite another department 
of the science, — the discussion of such a physical theory 
as shall proA ide forces ailcquatc to produce the obscr\ ed 
effects by, the operation of established djiiaimcal prin- 
ciples. 'I'u the latter class of iinestigatiuiis suiely the 
term optics ought ]>roperly to be limited: the 

distinction being precisely the same as that betw'ccn plane 
and physical astronomy. 

The design, then, of the present work is limited entirely 
to the experimental and mathematical part of optics, 
W'ithout entering in the smallest degree upon physical 
optics, properly so called. It is intended to hold exactly 
the same place in relation to the development of the un- 
dulatory (or any other preferable) thcoiy of light, as a 
treatise on plane astronomy does to one on the physical 
theory of the planetary motions. 

The full development of the physical theory is to be 
found in Sir J. Tlcrschcrs treatise on Light, or in the 
more concise and more recent tract on the I'lidulatory 
Theory, appended to the second edition of Professor 
Airy's Mathematical Tracts, Camhridge, 1831. To these 
profound works the present is designed as inltotlnclot y. 
It aims only ,it the humbler task of clearing the ground, 
and presenting the facts in a simple and systematic point 
of view, referring the studer*’ to these authorities both 
for the more enlarged details of many of the experimental 
parts, and for the entire theory by which the singular 
FACTS of the rntert’alsj the retardedwns, the interferences ^ 
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&c. arc shewn to be .such as ought to result from a pe- 
culiar system of motions propagated according to given 
laws, consistent with acknowledged tlynamical principles. 
For the establishment of some of the most important 
points of this theory the student must consult the Papers 
of Professor Airy, in the Cambridge Transactions. An 
able article on the subject wdl also be found i^ the Solu- 
tions of Cambridge Problems, 1831. 

In extending his range of subject the author has been 
restricted in the selection of topics, from the desire of 
keeping the work within a small compass. His choice 
has therefore been alw’ays directed with a view to general 
results rather than to a multitude of details, which how- 
evei valuable in tlicni.sclves, and in their practical relations, 
might rather encumber than advance the study of prin- 
ciples. '^riiis must be his apology for the omission of 
many points which he would willingly have introduced 
or (li.sciKssed more copiously. Scarcely any mention is 
made of ''he munerous experimental and practical appli- 
cations of the theory, beyond tlic two important cases 
which refer to the piiiiciplc of the telescope and iiiicro- 
senpe, and these are but very briefly diacussed ' equally 
doNtitute will the treatise be found to bo of particular ex- 
amples to the formula;, or deductions from, and problems 
founded iqioii, the theorems. But the former class of 
lUustratioiis are generally of such a nature as to be readily 
nuderstood as soon as described or seen, by any one who 
is well possessed of the principles here laid dow u : whilst 
anijile dcscriptiun.-) may be found in professedly practical 
treatises. To this class belong the various singular op- 
tical exhibitions; of which a remarkable case may be 
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instanced as discussed in a recent tract by Mr. Ilonier, 
on A Forgotten Fact in Optics, Bath, ISJ‘3. As to those 
innumerable deductions and problems, ^hich invoUc no- 
thing but the solution of mathematical questions of more 
or less difficulty arising out of the theory, they are ex- 
cluded by the a\owed nature and limits of the >voik ; 
whilst it appears more than questionable whethei they 
afford any useful exercise to the mind ; and u hethcr the 
time and pains bestowed upon them, under the old sys- 
tem, has not tended to withdraw the student’s attention 
from more useful researches, and greatly to check the ad- 
vancement of the science. 

It remains only for the author to aeknow'lodge the as- 
sistance he has not scrupled to derive fioin all sources 
within his reach . ho is priucijially indebti'd (ns will indeed 
be apparent throughout) to the treatises of Sir J ller- 
schel and IMr. Coddmgton The w'hole discussion § — 

!i3, is borrowed from Mr. Tdoyd’s treatise on Light and 
Vision; and the abstract of the systems of rays § 51 — 57, 
w-as kindly furnished by the llev. A. ><eate, M. A. of 
Trinity College, Cambridge and Oxfoid. 
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In the texf no specific rcierciicc is miadc to dinj^ams, nnd the 
iiiiostigntions are of such u nature as do not reqiuie any furmnl 
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ELEMENTARY TREATISE 

ON THE THEORY OF OFfTCS. 


PreUminary notions of Lights and its pvojiagation. 

1. OiTB notion of Liglit i«! one AvhoIIy and immediately derived 
from the 80ii89tioii of Vision ; wliich being one of the most pri- 
7iiary uiid lim])^ of our sensations^ neither requires nor admits 
further dehnition Tire Science of Optics is conversant about a 
A'nst assemblage of phenomena all disclosed to us through the 
modiuin of this sensation its objwt is to assign the laws to which 
they are leducible ; and to tracc^ as far as the facts can guide ns, 
the nature and properties of that agent or cause whoso existence 
or operation we suppose as tliat which produces the effects ob- 
served 

The slightest observation leads us to distinguish certain bodies 
which we call aelf-luuunous; such os the sun, a flame, or a red- 
hot iron, w'hose presence is essential to exciting the sense of 
vision they not only excite this sensation so as to convey to our 
eyes the impression of themselves as sources of light, but also are 
the means of enabling us to sec all other objects, which do not 
possess this property but which yet thus excite in our organs the 
perception of themselves . we see bodies of both kinds; but we 
do not see those of the latter class without the presence of some 
of the iormer. 
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PROPAGATION OF LIGHT. 


By the term light we shall for the present understand simply 
that which produces on our eyes the sensation of vision, without 
any supposition as to its nature or mode of action ; nil that we 
have to notice in regard to our present subject will he grounded 
on the following general facts, which are proved by universal 
and constant experience. 

1st. The, sensation of vision, os referred by us to the presence 
of those bodies which arc the objects of sight, is propagated from 
them to our eyes in straight lines: that is, if we take the 
smallest point which is capable of being distinguislicd by our 
eyes, as the light admitted through a pinhole, and place another 
small aperture in a straight line between the first and the eye, 
we still see it ; but if the second aperture be moved ever so little 
out of the straight line the first becomes invisible. 

Also any impression of light made on the eye is always referred 
by an instinctive judgment to a point or object in the same rec- 
tilinear direction as that in which the ifttpression arrives at the 
eye. 

2nd. This rectilinear propagation continues without limit and 
without any alteration until the light meets with some external 
cause capable of acting upon it. 

3rd. It takes place from any one visible or luminous point t» 
all possible directions, 

2. The sense in which the term ray of light is used, will re- 
quire a little explanation. It denotes simply any one of those 
rectilinear directions in which the effect of light is conveyed. 
Regarding the direction simply, it is in fact purely a mathematical 
conception: but we can hardly help associating the idea with 
that of a physical portion of what we cal] light, of indefinitely 
small area ; or what is perhaps a better mode of viewing the 
subject, if we regard the luminous point or source of light as the 
centre of a sphere of light emanating from it, the radius of that 
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sphere at tbe mathematical point where it impinges upon or 
touches any surface (such as our eye for example) is called a rajf 
of light. 

Light propagated or radiating in all directions from a single 
luminous point will be readily understood to diverge and become 
more diffuse : or m other words its intensity to diminish as the 
distance increasesj and this (it is easily seen) in proportion to the 
square of the distance. The effect being, according to the above 
view, proportional to the segment of the spherical surface com- 
prehended by radii forming a given angle, at different distances 

We shall for the present suppose light to be homogeneous ; 
that is, that whatever modification one integrant part of it un- 
dergoes from the action of bodies upon it, the same will all the 
otlier integrant portions undergo. We shall afterwards see, 
that foi^ light of ordinary kinds, such as that of the sun, &c., 
this is untrue ; but so far as our present object is concerned, it 
will suffice, for the sake ot simplicity, to reason about light sup- 
])osed to be homogeneous. 


Reflexion and Refraction of Light. 

3. Light, as we familiarly know, can continue to b*e propagated 
only through certain sorts cf media, which we coll transparent ; 
and among these there is great difference in the degree in which 
they possess this property : those which are imperfectly trans- 
parent allow only a portion of the light to pass, and those which 
are opaque intercept it altogether. The light in impinging upon 
the surface of any medium different from that in which it was 
originally proceeding, whether transparent or opaque, undergoes 
various modifications, 'whether in the act of impinging on the 
surface or in its transmission ; these constitute the principal 
properties of light * and a vast variety of such properties arc 
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presented to our examination and form the subjects of the various 
branches of optical science. 

For the present our attention will he confined to some of the 
simplest of these properties, and in the first instance to the mere 
consideration of those which refer to the direction ill which the 
light proceeds, which is found to undergo certain changes ac- 
cording to the nature of the body on whose surface the ray im- 
pinges. 

Let us then suppose a simple ray of light proceeding in the 
first instance through a transparent medium of uniform or liomo- 
gcncous nature, in a straight line ; and that at a certain point it 
arrives at the surfice of another medium of a different nature . 
in the first place, if the surface be smooth or polished we may 
see upon it, or rather as it were in it, an image of the luminous 
point from wliicli the ray issues . in the second place, if the me- 
dium which IS bounded by tliii, surface be transparent, we may 
also find that if we view the Iiiiiniioiis point through it (and this 
more conspicuously as the thickness is greater), it will appear to 
undergo a change in its position, or in other words, the ray of 
light suffers a deviation in its course. 

Tlie first of these effects is called the rejlexion the latter the 
refraction of light. We find a vast variety in those properties 
of bodies on which these effects depend, some of Avhich we shall 
have occasion to consider hereafter: for the present we merely 
notice the general fact with the view of entering upon those 
elementary investigations which regard simply the directum and 
the change in dtt cction which light thus undergoes. We may 
imagine the surface to be a ])lane , for if curved, we shall have 
only to take into consideration tl at minute portion of it on whidi 
the ray of light impinges, and which we may therefore without 
error consider as if it were plane. Let us suppose the ray to be 
incident upon it in any oblique direction, and let a perpendicular 
,or normal to the surface at the point of impact be conceived 
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drawHj with which the incident ray forniti an angle This is 
called the angle of tncidence. If now the eye be directed so as 
to see the image of the luminous point by reflexion from the 
surface, it is immediately found that there arc only certain po- 
sitions in which this can he done : or upon more precise examina- 
tion wc fliidj that if the relative position of the luminous ])oiiit 
and the reflecting surface remain unaltered, or in otluer words, if 
the value of ^ remain unaltered, there is only one direction in 
winch the ray can be reflected, and from the constant result of 
innumerable experiments by which this direction is ascertained, 
it is found that the reflected ray is always in the same plane with 
that of the incident ray and the normal, and forms with the nor- 
mal an angle prccisehj equal to the angle : or the law of 
reflexion is commonly expressed by saying, tli.it the angle of 
reJiexioH is eqlal to the angle of inculencc' ami i« formed m 
the same plane. 

4. Wlien we speak of the reflexion of light from a plane sur- 
face, and the equal inclination of the incident and reflected rays, 
it must be understood, that such a surface is meant as is capable 
of reflecting back distinctly the ray from any one point, so as to 
give an image of that point : this is only the case with bodies 
whose surface has been pohshtdi that is, there is a certain 
amount to which the roughness and irregularity unavoidably 
occurring on all surfaces must be reduced and equalized, before 
the surface can possess the property of distinct reflexion. The 
precise reason of this is probably connected with the intimate 
nature of light, but at all events when a body is not thus jiolished, 
another phenomenon is presented; we have no image seen by 
reflexion, but the light is broken and dispersed, as it were, by 
the numerous minute irregularities of the surface; and it is by 
light thus scattered, that the surface itself is rendered visible to 
us ; and even the best polislietl reflectors still retain enough of 
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this irregularity to allow us to perceive distinctly their 8urfiu», 
besides giving us the regularly reflected images of objects It is 
found that any tolerably smooth surface will, at very oblique in- 
cidences, give a more or less distinct regular reflexion ; which has 
been ascribed to the inclined path of the ray with respect to the 
minute unevennesses among which it would otherwise become 
lost. The quantity of light reflected is in all coses found to be 
much increased ns the angle of incidence is greater. 

5. When a ray of light impinges on the smooth surface of any 
body, whether opaque or transparent, it undergoes reflexion os 
just described; but this applies only to a certain portion of the 
incident light : the most perfectly polished surfaces by no means 
reflect the whole of the light which falls upon them, and those 
less polished only a very small portion. What this depends upon 
is as yet but imperfectly understood, and we shall not here at- 
tempt to enter upon the subject. If the substance be transpa~ 
rent, that portion which is not reflected enters the medium and 
is propagated through it in a straight line, but with an altered 
direction. This change of direction, as already observed, is 
called refraction, and the amount of it varies very greatly in dif- 
ferent transparent media ; but the law by which it takes place 
in the same medium for a ray supposed homogeneous at different 
incidences is invariable, and has been very precisely deduced from 
numerous experiments. The most direct principle of such de- 
terminations is easy to conceive : the apparent position assumed 
l>y an object as seen through a medium, compared with that 
in which it is seen when viewed directly, is readily subject to 
exact measurement, which inuicates the angular deviation to 
which the ray proceeding from t'* at object or point has been 
subjected on entering the new medium. It will be obvious that 
this deviation is relative and refera to the direction of the ray in 
the surrounding medium in whicli we suppose it at first pro- 
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ceeding. In order to consider the subject most generally we 
must bear this in mind, and consider simply the relative devia- 
tion of a ray in passing one medimn into another. Sup- 
posing then these two media to remain the same, and taking dif- 
ferent angles of incidence or values of if the corresponding 
values of the angle Avhich the refracted ray forms also with the 
normal, and which we will call be ascertained, it is found that 
the refracted ray lies always in ike •plnne of the incident ray and 
the normal : and further, upon comparing the magnitudes of the 
angles, though we find no direct relation between the angles 
themsehesj yet there is an universal relation between their sines 
and this is that of a simple ratio, constant for all incidences, at 
the surface separating the ^ame two media, but differing greatly 
for difl!ereut media This law therefore, writing this constant 
ratio =: m, is expressed thun * * 

S'JX 4p = m sin. ip, (1) 

This important law, the. foimdation of the whole Science of 
Optics, was the discovery of Willebrod Snell, though claimed 
by and a^^^ribed to Des Cartes. In practice there are various 
modes of verifying this law, less direct indeed, but more conve- 
nient than that referred to above. 

6. The value of m has been experimentally determined for 
nearly all known transparent substances : but no general principle 
has been discovered which connects their refractive powers with 
their other properties : though speaking generally it is highest 
in the denser substances and in those which contain an inflam- 
mable principle. 

The following numbers will convey some notion of the relative 
values of m or indices of refraction for a few of the most remark- 
able substances, taken from the extensive table of such i alues, as 
determined by various observers, given in Sir J. Ilerschcl's trea- 
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tise on Light, to wliich the reader must be referred for a variety 
of important observations on the subject. 


Realgar . . . 2.54. 

Diamond • • 2.439. 

Melted sulplmr 2.148. 

Flint glass, containing much lead . 2.028. 

Oil of Cassia . • 1.041. 


Various kinds of flint glass 


Crown glass . . . 1.525. 

Plate glass . . . . 1.514. 

Various oils, about . . 1.40 

C 1.43. 

Sulphuric and other acids . . J 

Water . . . .1 330. 

Fluids in the cavities of crystals . . 1.21. 

Ether, expanded to three times its volume 1 057. 
Several gases, about . 1 .0004. 

Atmospheric air ... 1.00029. 

Hydrogen ...... 1.00013. 

Vacuum ... 1 00000. 


Sir D. Brewster observes, that no values of this sort, founded 
on direct observation, give the real refractive ]iowers of the ttlli- 
male particles of the different substances. For this purpose he 
takes into account their spemtic gravities, and obtains the abso- 
lute refractive jiowcr by reducing the observed indices in this 
ratio . and Sir J. Herschel has further remarked, that to obtain 
the result for the elementary atoms of bodies, these last values 
must be .igain reduced in the ratio of the atomic iveights. 

The quantity m is greater than unity when the ray enters a 
more refractive medium from one which is less so : when nothing 
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is said to the contrary, this is generally assumed to be the case : 
if it be reversed, we have m less than unity, and it is evident 
that acoordiug as we supp(^ m greater or less than unity, we 
shall have sin. ^ > or < sin. ip, and the refracted ray will 
deviate from the original direction either towards or from the 
normal respectively. 

7. We shall not in this place trace any further the physical 
results connected with the reflexion and refraction of light : we 
must here proceed to consider certain consequences directly de- 
rivable from these fundamental laws, of a purely mathematical 
kind, but which we sliall afterwards find to bear most directly 
on the experimental facts and their applications. 

Now in this point of view the first remark we have to make 
is one of great simplicity, and at the same time of primary im- 
portance. If we consider the case of refraction, it is obvious 
that the ray though deviated by a certain angle out of its rec- 
tilinear course, yet procet'ds onwards toivards the same region : 
in reflexion, on the contrary, its new direction is turned back^ 
relatively to its original coiUae. This difference in direction will 
obviously correspond to the mathematical condition of a change 
of sign ; and if we assume the direction of the incident and con- 
sequently that of the refracted ray as positive, that of the i e~ 
jketed ray will be negative. The law of reflexion will therefore 
be expressed by writing 

»#• — — 

Griiidcd by this simple consideration, we shall be able to include 
in one simple and general expression, the law both of refletion 
and of refraction ; for if we take the fiirmula for refraction, and 
to make it more genera! suppose m to have a double sign, or 
write it thus, 

sin. ip^ + m sin. ip. 
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it is evident that thin will include the law of refraction^ expressed 
by the upper sigUj as well as a number of imaginable laws of re> 
flexion, if tve use the lower sign, corresponding to the different 
values of m, among which we shall indude the actual law of re- 
flexion, if we suppose m ss — 1, which on substitution gives 

sin. ^ s=— sin. 
or ' ^ 

which is the law of reflexion. 

Adopting then for tlie present this view of whnt we may now 
call by the general name of Optical Deviation, we may pro- 
ceed to examine various consequences which will result, all of 
wliich we shall deduce on the general supposition of the value of 
m ; and in all cases by substituting ms — 1 , shall be able to 
adapt the expressions to the case of reflexion. In &ct it will be 
both allotvable and convenient in most of our investigations to 
discard altc^ether all reference to the physical ideas of light or 
its modifications ; and to confine our reasonings simply to the 
pure mathematical conception of a straight line incident upon a 
surface, and there deviated from its course according to the ge- 
neral law above expressed. And further, since we have observed 
that the effects we are considering take place in one plane we 
shall commence more simply by considering merely a section of 
the surface in the plane in which we suppose the direct and de- 
viated rays or straight lines to lie. 

By this method of proceeding it will be found that we ^all 
save an immense quantity of repetition and prolixity. We shall 
speak of lines connected by this law of deviation as lines or rays 
indifferently, but it will be sec i that our reasonings and results 
are wholly mathematical : and pursuing our inquiry first on the 
assumption of one line so deviated, and then of systems of such 
lines or lays connected according to some determined relation, 
we shall investigate numerous particulars relative to the posi- 
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tionSj intersections, etc., of the deviated lines as resulting from 
the primary law, under different conditions as to the nature of 
the surfiice or curve on which they impinge. 

We have already observed that m is assumed relatively to one 
surface : we shall extend the supposition by conceiving the ray 
after passing this first surface to fall on a second, whose position 
is given, where a new deviation takes place according to a similar 
law, but with a new value of m whicli we express by ^vriting 

sin. = tn^ sin. 

and similarly in succession for any number of surfaces. 

Reflexion and Refraction at plane surfaces. 

8. If a ray impinge on a plane surface and we take « u, to 
represent the lengths of the incident and deviated rays bet^veen 
the points of incidence and where they are met by a perpen- 
dicular to the surface, llicn it will be evident that the angles thus 
formed by u and v, with the perpendicular, are respectively 
equal to -p and p,; hence from the triangle we shall have the re- 
lation 

_ u, (2) 

sin. p, u 

This expresses the physical result tliat the image of a point 

within a transparent medium bounded by a plane, will appear 

to the eye placed without it, in the direction of the refracted rav, 

♦ ■ 

and at a distance behind the surface less or greater than that of 
the object in the ratio expressed by m. Thus the bottom of a 
vessel of water appears raised, and a straight rod partly im- 
mersed appears bent. 

9. A line or ray being incident on a plane surface is deviated 
agreeably to tlie fundamental law: let us now suppose it to 
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meet a second plane parallel to the former^ at whicli the same 

law prevails^ and where s= - : ^ve shall of course have 

and consequently deducing the value of sin. by the equation 
(I ), it is evident that s=tp or the ray after passing the se- 
cond plane is in a direction parallel to its first direction. The 
same will be true of small portions of curve surfaces if the ray 
pass at points where they ore parallel. 

Again, it is evident from the nature of the law (1) that when 
Nf is greater than unity, whatever value is ‘given to tp, that of 
will be less, or there is a finite limit to the praitions which the 

•If 

ray u, can assume, and which in the extreme cose when 4*^ — 2 

is found by taking the corresponding value of the sine, or, ex- 
pressing tliis extreme value by brackets, we readily deduce 

C? J = sin. -*(»»)• 

If we proceed to a second surface where we suppose tn, ss 

conditions precisely reversed will prevail, and we shall find a 
certain limit to the value of upon the same principle as in 

the last instance : or we find the value corresponding to ^ 

M=“”- XD 

which shows that when sin. <p,f ss ^ then the ray beyond the se- 
cond surface emerges parallel to it or rather coincides with it. 
Beyond this limit, or if we have greater than this value, wc 
shall have sin. > 1, an imaginary value, from which we can 
infer nothing as to the position which the ray may assume. Tlicre 
is however a remarkable physical effect corresponding to this 
cose. 

When a ray, refracted into a transparent medium reaches its 
second surface, in general a portion of it emerges agreeably to 



AT PLANE SURFACES. 


13 


the law of refraction^.whilst another portion undergoes internal 
reflexion. As the incidence increases tlie portion reflected in- 
creases ; but when the angle arrives at the position to which wc 
have just referred, where has arrived at the limit of refrangi- 
bility, then the ray is no longer refracted : but suddenly the re- 
flected portion receives the addition of all the remaining portion 
of the light, and thus an internal reflexion of great ^brilliancy 
takes place. At this position the value of os stated above, is. 



if therefore we observe the angle, we can thus determine m. 
Ur. Wollaston su^^sted a method of finding the refractive 
powers of substances, founded on this principle. It is on this 
principle also that the instrument called the Camera Lucida is 
constructed. A solid piece of glass is cut with plane sides at 
such an angle that rays of light entering it from an object slinll 
be totally rejlected at the internal surface upwards to the eye ; 
which cQn8e<|[uently refers the image to a hori^ntal plane below } 
as a table or paper on which the image appears painted, and 
may be traced out with a pencil. 

From this consideration of the limit of refraction, it follows 
that an eye placed in a more refracting medium, as that of a fish 
under water, will receive the ray coming from an object on the 
horizon in a considerably inclined direction, and such an object 
will appear therefore elevated in the air. Thus all objects 
above the water will appear contracted into a circular space 
round the vertical point ; and in the region immediately without 
tbis will bo seen the objects at the bottom of the water by in- 
ternal reflexion from the surface. 

The atmosphere consists of air decreasing in density, nm l 
therefore in refractive power, as we ascend. Hence a ray of light 
coming from any of the heavenly bodies is refracted slightly ou 
eutcriug our atmosphere, and undergoes a greater deviation at 
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every sueceBsive stratum of denser air: hence its ultimate direc- 
tion, especially if incident very obliquely, that is, when the body 
is near the horizon, will he considerably deviated ; and its ap- 
parent position much raised. This is the case with the sun at 
its rising and setting. Also the upper and lower parts of the 
sun's disk being unequally refracted, it sometimes presents a 
flattened .appearance when near the horizon. In like manner 
various objects, such as ships, have been rendered visible when 
really much below the horizon. 

Many curious atmospherical phenomena are explained on this 
principle ; but the most remarkable of them are owing to a com- 
bination of this cause with the internal reflexion above ex- 
plained : and which takes place at the boundary between two 
strata of air of luiequal density. Thus the mirage or appearance, 
resembling an extensive surface of water over a level heated 
surface of sand, and accompanied by direct and inverted images 
of objects, is explained by the internal reflexion which takes 
place, where owing to the heating of a stratum of air near the 
surface its refractive power is very different from that of the 
denser stratum next to it. 

Such appearances may be imitated, and the effect therefore 
explained experimentally, by looking at objects so that the rays 
pass immediately over the surfa<% of a heated iron : or by look- 
ing at them through a glass vessel in which are contained several 
fluids of different refractive powers, which will remain one above 
the other without mixing, as water, oil, and spirits of mne. 

10. If in the formula (2) we make m = — 1 it becomes 



This shows that in reflexion at a plane surface, the reflected rays 
appear to proceed from an image of the object at the unma dis- 
tance behind the reflector as the object is in front of it. 
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If an object be placed between two piirallel plane reflectors^ a 
continued series of images are produced by the reflexion of each 
preceding image as an object : and the last remark will also be 
true ; they will ai>pear at successively greater distances ; all si- 
tuated in the same straight line^ which is perpendicular to the 
sur&ce at the point of incidence : and becoming successively 
iainter from loss of light. ^ 

If the two reflectors are inclincdj the first apparent image will 
lie as far behind the reflector as tlie object is before it, and tlic 
reflector bisecting the angle formed by the rays, the positions of 
the object and image will be such that a circle described about 
the concourse of the reflectors as a centre and passing through the 
object, will also pass through the image. This image becoming 
an object in turn, will be reflected at the second siirf^e, and its 
image will be formed as far behind that surface as itself is before 
it. Here again the same conditions will hold, or this second 
image will lie in the same circle : and so on for all the successive 
images, or thus all the tnuqes fanned hy succesttve rejlcxwn be- 
tween two plane surfaces iiuUned to each other, appear to lie tn 
the circumference of a circle described about the intersection of 
the reflectors at a distance equal to that of the object. 

If the two plane reflectors are inclined to each other at an 
angle i since the normals to them are inclined at the same angle, 
it wiU readily appear that if a ray be reflected at one surface 
at an angle tft and then again at the second, at we shall have 

If again the ray thus falling back on the first surface be reflected 
thence again to the second, and so on successively, we slmll have 
a series of similar equations 
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Whence the ultimate delation of the ray from its original di- 
rection vrill be obtained by adding these equations, which gives, 

— ^s=»i (3) 

It is evident that some value of n will render ni> and there- 
fore ^ motive. When this happens the successive points of 
reflexion which have hitherto been advancing towards the con- 
course of the two reflectors will recede, and a similar set of re- 
flexions will take place in reverse order, until the reflected ray 
emerges in sucli a position that it will not meet the opposite 
surfiusc. 

By pursuing the investigation we might, if it were worth 
while, calculate the number of images which will be formed for 
a given inclination of the reflectors. Tliis includes the prin- 
ciple of the optical toy called the kaleidoscope : hut the subject 
being of no importance we shall not pursue it furtlier. A full 
discussion will bo found in Wood's Optics. 

11. But there is a result of great importance which follows 
immediately from the two first of the foregoing eipiations, from 
which we have the deviation after two reflexions 

^ = _ (4) 

If then two plane reflectors have their inclination variable, 
we may by means of such a variable angle, measure the inclina- 
tion of a ray coming directly from one distant object with that 
from another, by making this last coincide with the position of 
tlie twice reflected ray from the first object ; in other words, 2 < 
measures the angle subtended by the two objects. This is the 
principle of Hadley’s quadrant O’* sextant, or in general of what 
are termed circular rcjlccting instruments. 

The instrument consists essentially of two plane reflectors 
facing each other, one of which is capable of being inclined to 
the first at a variable angle, measured on a graduated arc : one 
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object is viewed directly, and tbc iiniigc of the otiicr after two 
reflexions is made to coincide witli the first by moving the revolv- 
ing mirror into si proper position. If tlie tw'o objects coincided m 
position the reflectors ought to be parallel, in order that the one 
object and the twice reflected image of the other might appear 
coincident. But if they are separated by an angular spsice, the 
mirror must revolve through half that angle (as above explained) 
in order that the image and object may still coincide This being 
measured off on the graduated scale and doubled gives the angle 
sought. The details of the construction and adjustments are 
usually given in treatises on Astronomy, from which also the 
student will acquire an idea of the incalculable use of this instrn- 
meiit in Navigation. Though it was first constructed in its 
present form by the individual whose name it bears, it appears 
that the idea was originally suggested by Newton. The prin- 
ciple is frequently announced by saying, that the angular velocity 
of the reflected ray h double that of the mirror thus revolving. 

12. The geometrical del’iiition of a prism includes the idea of 
a solid having two opposite plane sides inclined to each other at 
a given angle. When a transparent substance has two plane 
sides 30 inclined, it constitutes what in Optics is termed a prism 
we are concerned only with the passage of a ray through these 
two inclined sides, and do not consider the others. We therefore 
usually suppose a ray falling on the side of a triangular prism, 
and after refraction passing to an opposite side inclined to the 
first at an angle «. The refracted ray then within the prism 
forms with the section of its sides in the same plane, a triangle 
whose angles are 


whence we have 




( 5 ) 
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The ang le through whidi u ray is deviated at any surface being 
the difference at that surfece we have on the whole the 

total deviation in the prism, or inclination of the first incident to 
the last emergent ray expressed by 

8 = 

which on substituting the value of becomes 

9 

8 = </» + — i (®) 

The deviation then being a variable we may investigate the va- • 
lue of 0 which gives 8 a mintmum value. This is easily done as 
follows. We have by differentiating the last equation and oxjua- 
tion (R) 

// S — i/ 0 + rf (7) 


Also 

d <(>„ + d «/•/ — 

Again 

sill. ^ = m .’jn </>, 



Whence 

cos ^ d ^ — m cos. f, d f. 


d = W COB. d 


Hence we can eliminate d and d and obtain a value of d 
which substituted in the equation (7) gives 


dt^d 


cos , y cos. ) 
cos. j), ««. f„, y 


To have this == 0 the second term within the bradcets must be 
= 1 and since cos. f cannot be equal to cos. nor cos to cos. 
the only value which cun make this term = 1 will be when 
and f Thus when '.he first angle of incidence is 

equal to the last of emergence, the ray! have their minimum de- 
viation from their original p<Kdtion. 

In this position of minimum deviation we may observe that 
the values {5) and (6) become 
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8=s2f — » 

Whence we readily deduce 

sill. (8 + 0 == ' (^) 

By means uf which equation we can find experimentally the 
value of 7n, for the substance of which the prism is made, if i ho 
measured and 8 observed or again if m lie known we Ciiii 
find S 


ReJicj'ton and RefidHion at Spherical Surfacex. 

13. Proceeding from the cases which wc have just investigated 
where the surfaces concerned are planes, to those in which they 
arc curved, we have a veiy extensive subject before us Without 
attempting to go into it in its more general relations wo shall for 
the ])rcseiit confine ourselves to the simplest conditions under 
which the problem can be taken, with a view to the applications 
we shall want to make of it, and we shall here (as we before 
observed) find a great source of simplification and avoid much 
repetition, in looking at the subject in a purely mathematical 
light ; discarding wholly for the present all physical ideas, and 
confining ourselves to the conception of straight lines subject to 
deviation according to the given law when they meet other lines 
given in position which wc null here suppose to be circular arcs, 
the sections of spherical surfaces. 


Mathematical Theory of Rays deviated at Spherical 

Surfaces. 

14. Wc will commence with the supposition of a single sur- 
face, the section of which is a circular arc whose radius is r, 
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placed on a given axis^ the origin being at the curve ; and our 
object is to trace the course of a single ray u incident upon this 
arcj at an angle ^ with its normal in the same plaiiCj and inter- 
cepting a portion of the arcj which we will call B, measured from 
the axis : at the curve it is deviated agreeably to the assumed 
laAV, or the deviated ray u, forms a new angle f, with the nor- 
mal, such tlmt we have 

sin. f = m sin. 

m being a given quantity, constant for all values of The line 
« may be supposed to meet the curve in such a position that 
produced it would intersect the axis either before or behind the 
curve, and if we take the point where the curve cuts the axis as 
the origin, and caliy the distance at which » intersects the axis, 
this will be either positive or negative accordingly. But for the 
sake of simplicity we u ill conduct all our investigations on the 
supposition that it is positive , and we shall afterwards be easily 
able to accommodate the results when necessary to the case where 
it is negative. 

Then u, produced will intersect the axis at u distance from the 
origin, which we will write The position of this point will 
again depend on whether we hare m > or < 1 . We will sup- 
pose m > 1 and afterwards adapt the results when necessary to 
the supposition m < 1. From the triangles thus formed by the 
rays « and », respectively witli the normal and axis, we have di- 
rectly the relations 

sin. f y — r 

sin. 0 » 

and combining these with 

», _ . 

sin. p. 


sin. 0 », 

sill, f, ~ /, — r 

sin. e 


we have 


w « O = (/ — 0 


( 9 ) 
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From the same triangles also (by Euc. ii, 13) wc readily find 
the following values of u and u, as functions of 0. 

= (/ — »)* + + 2 (/ — r) r cos. 0 

which is directly reducible to the form 

= y* — 2 r (y* — r) versin. 0 

and in precisely the same way we shall have 

=// — 2 r (X — »*) versin. 0 

If wc write versin. 0 = z and substitute these values in cqua-i 
tiun (2) it becomes 

if — 0 — r)z = m{f — r) V/* — 2r(/ — r) a 

( 10 ) 

'i'liis may be considered the fundamental equation from which all 
expressions fur the intersections of deviated rays with the axis 
are derived. But it is evident from the form of the expression 
that it docs not give us a simple value of f, without some sort of 
development, or the adoption of some approximation. We sliall 
readily find that it admits of several degrees of such approxima- 
tion, which we may successively adopt with a view to the several 
purposes to which the expressions are to be applied. 


Direct Pencil. lurst Approximation, 

IS. The first of such approximate values may be obtained by 
observing that if 0 be taken a small arc, its versed sine s is ex- 
tremely small: if then we neglect the terms involving z we shall 
have an expression giving a simple value oif, which is sufficiently 
accurate for many applications, and ivliich may be taken as a first 
step to more exact values. On this supposition the equation is 
reduced to the form . . 
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Aud tills readily {$ivcs us the value 


f — *•./ 

J' - („x_l)/+ r 

But we have more frequent occasion to consider the reciprocal of 
this quaiiftitVi which is 

1 m — 1 1 

.// ~ m t mf 




16. If we now advance to the siipjiosition that a second sur- 
face] or circular arCj of radius is introduced, placed upon the 
same axis, at a distance t from the first, and that the deviated 
ray falls on this curve, and then undergoes a second deviation 
with a new ratio to extend our first expression to this case 
wc should have to consider a function of two variables, z and 
in the expression involving ,f„ But the first approximation on 
the above principle, may be obtained directly by the mere substi- 
tution of the corresponding symbols in (12); since tlie ray 
falling upon the second curve, stands in the place of » in respect 
to it ; and its distance of intersection stands in the idace of f : 
but in order to be expressed as referred to the new curve as the 
origin, must obviously have t substrocted from it : thus we have 
the folloiviiig form analogous to (12): 


fu ~ ^ ’»/ (// — 0 


(13) 


If WC then take the value of (X — 0 previous formula 

(11), and substitute it hero, we shall have the expression in 
terms oif. 

Keeping to this ajiproximate value, in like manner if a third 
circular arc with radius and ratio be conceived placed in a 
similar nianaer on the axis at a distance I, from the last, we 
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might proceed exactly in the same way to obtain the value 
or we should have 

1 ^ — 1 1 
.//// •”// ’// ^fu ^ 0 

where substituting as before, \ve obtain the result in terms eif’ 
and similarly we might advance to the introduction of <i fourth 
curve, and so on to any number. 

17 lu all these cases we shall ubtaiu a great simplification 
if the intervals I &c. ore small compared with the distances 
ff^ &c. ; and still more if any simple relation subsist between 
at and &c. The approximate v.ilue of (/^ — /) from the equa- 
tion (11) will he 

/■ _ / — ^ “ m > /-— [;(wi — 1)/+ r] i 

winch I/eing sidistitutod in equation (13) and making the sup- 
position wi =s - we shall have 

1 I — m ^ m Q — 1) + #"3 

/« »« »/— L/C«* I ) + r] / 

We might continue a similar series of forms which would of 
course become more complex ; if, however, we neglect t &c. 
the suljstitiitiions are much more easily made, and we have the 
equations 

»*/»•, ^ »*/ } mr mfS 
— = ^ ~ J “iZT-l + — J W 

^ t »«,r, vt^ y mr ^ m f) S 
■ind so on to am niimher of arcs 
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If add the suppoHition of m = — Sre. we shall 




m. 


have yet more simpliiied forms. 


1 _ 1 — “ 1 

T„ r, f. 


or sulntituting for in terms of/* 


] 1 — m 7U — 1 

Zy ~ ^ *■ 


7 


_ »i— 1 2. 

X. p f 


( 16 ) 


( 16 ) 


which may be written 

And if for brevity we wite - — — = — > this becomes 

r r. fl 


( 17 ) 


(in) 


And in like manner we might proceed to the forms for — — ' * 

J M J Mt 

&c. 


18. If we suppose the incident ray to become parallel to the 
axis, y* becomes infinite, or^=0, and writing F„t &c. to 
express these particular values of f „ , &c. and adopting an 
analogous use of the symbols , &c. supposing = -^ j 


M 


we may trace out a series of the forms which the abov^ expres- 
sions assume ; or we have 



( 19 ) 
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+ 

• 

1 

/f» — 1 

W// »•// 

»»// 

' t 


t 

»i — 

1 

(ti 

-T 

t 



1 

1 

1 

*'//// *//// 

T“ 

»«//// 



m — 1\ 
f ' 


»I„— 1 7M 1 

" - - + — 

ti, t 


We have here supposed »!.= i = — &c. and thus we 
' * * m 

perceive a remarkable relation betAveen the alternate values^ or 
those of CA'en orders. This relation may be expressed more con- 
cisely and the last result generalized by considering each pair 
of surfaces thus connected as one system, and reckoning n such 
pairs : in which case we may express the general result by 
Avriting F unaccented to signify the value corresponding to the 
clfect of the Avhole system ^ 

T = (“f^X + (“X, + • • • (- f^). 

or adopting a similar mode of expression by the term a) - 
applying to each pair separately 

^ = (tX -(tX. - -(tX 

Avhicl^aay also be expressed compendiously by writing 

^ 

The values thus assumed when we suppose the incident ray 
parallel to the axis, axe remarkable in many points of vieAV, and 
Ave may here notice the following obvious deductions with re- 
spect to them. 
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From the equation (19) by iuTerting the terms and subtract- 
ing r, we obvio^ly obtain this remarkable relation 



Again, from mere inspection of the forms (12) and (18) we 
perceive tlmt the first term of each is in fiict the value of ahd 

1 * 

— and it is often convenient to express them with this value in- 

troduced, which gives 

_i_ __ 

And here continuing the above supposition as to the succes- 
sive alternate values of m, we have 

( 4 ). + 1 
(^l - ^ 

and we may continue such a s^es of values which may be ge- 
neralized as in the former case, by writing 



* These remarkable resalta will be found more generally invesbga^ in Sir 
J. Herscliel’s treatise on light, in the Encyclopedia ]VIetropoIitana,m winch 
the reader who is desirous of entenng profoundly into this as well as other 
parts of the subject is referred. 

It IS right here to make a remark on the elegant and compendious notation 
introduced in that treatise. The quantities we have chiefly to consider are 
nexyroeals: viz. the reciprocal of the radius expresaing the curvature of the 
surface , those of/ and/ expressing the pronnnty of the pmnts of intersection 
of incident and deviated rays to the surfaces , and of F, the poioer (as it is 
termed) of the system of surfaces , (the meaning of which will appear in the 


frr 

1 

fuu 


1 

1 

«/ 

(22) 

1 

Frr 

1 

7 

(23) 
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19. We nViall liere notice a £ew deductions from the preced- 
ing formuleCj which are sometimes referred to 
From the expressions (22) (23) wo have 


And by subtraction 

CK-/,) CF, + f»f) ^ F/ 

Again X/ = 

Whence (F,, +/) = Fj 


(26) 


(S«) 

( 27 ) 

(28) 


These equations are occasionally referred to. They are usually 
expressed by the older writers in the form of proportions. 

It is sometimes proposed to find when the distance between 
the points of intersection for the incident and the deviated ray 
is a maximum : that is^ to find/ — a maximum, for which we 
must have 

and consequently dX _ | 

d/ - 

This value we obtain by diflFerentiating equation (12), which 
gives 

_ /'I 

df mf* 

which by formula (11) will be 

- [(«-!)/ + O* 


sequel). The distinguished author just named has therafoie introduced imgU 
letters to represent these rectjtrocaU , but eipressive and useful as this notation 
is for the more extended purposes to which be applies it, it appean on careful 
consideration that the change of terms might perplex the student without ade- 
quate advantage in a dtscuuion of such hmit^ extent as the present. 
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And when this fulfils the condition of being equal to unity, it 
is easily seen that we must hove 

f — (29) 

m — 1 


It is in some cases desirable to express these forms by referring 
the centi c of the spherical surface as the origin : in which 
case writing c for the distances yiom the centre to the points 
of intellection liitherto measured by/,/, we have 

/ = r + c /•,=:»+ c, 

and substituting these values in equation (11) it is easily re- 
duced to the form 

1 oi — 1 m 



If we have n second surface whose centre is situated at a distance 
i from that of the first, we have, referring to the new centre as 
in (13) 


1 



(31) 


which may undergo the same modifications 


20. We have hitherto traced the course of a single ray de- 
viated at a spherical surface, and corresponding to a given value 
of 9. We may further suppose any system of rays so impinging 
on different parts of the curve, or corresponding to different 
values of 9, for each of whidi separately we might find the 
values of / &c. Wo shall generally assume such a system as 
diverging from or converging to a given point : such a system is 
called a pencil of rayx, and if we suppose the point of conver- 
gence or the focu* (ar it is termed) of incident rays to lie in the 
axis, it is then termed a direct pencil ; and in this case we have 
to observe, that the value of/ is common to all the rays, and 
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consequently the resulting expressions fur f. See. will differ only 
as far as they arc affected by the values of z. 

Now it has n[)peared that the expression (10) gives a constant 
value fm so long us wc suppose f to remain constant and neg- 
lect z: as also does equation (18) for the value of^^^ . Now as 
vras before observed, if 6 be small wc may without error adopt 
this supposition of the neglect of s. In such a case thpn a small 
jicitcdof rays orig;inaiiHg ftmn a giveti point tn the axis, will, 
after deviation, converge fery \KARh\ to one point also t» the 
axis, and which is called thb focus of deviated rays 

If the arc be supposed to revolve about the axis, and thus ge- 
nerate a small segment of a spherical surface, we shall have a 
])eiicd of deviated rays lying very nearly in the form of a cone, 
whose vertex constitutes the approximate focus. * 


Phifsicul upplication of the pteccdtng Theory. 

21 After the observations made at the outset, the student will 
obviously perceive that what has been thus fur delivered in 
purely mathematical language, is in fact a comprehensive state- 
ment of the first principles of the optical theory of the refrac- 
tion or reflexion of a single r^, or of a direct and very small 
pencil of rays, at a spherical surface, or several such surfaces suc- 
cessively. We may here stop to notice the actu&l cases to w'hich 
these principles apply. 

The formulae apply directly and without any modificatinn to 
the cose of refraction. When one surface alone is considered, 
we suppose a ray refracted into a new medium of indefinite ex- 
tent bounded by a spherical segment. This case simply con- 
sidered is one which we have little occasion to refer to. But 
when we add another surface, so as to suppose a portion of a 
given medium included and isolated from the surrounding me- 
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diam, this constitutes wjiat is called a lenx. Unless the contrary 
is expressed, we usually suppose it of greater refractive power 
than the surrounding medium. To this case belongs the value 
of^/ , on the supposition (which is here obviously true since the 
same medium surrounds the lens on cucii side) that we have 

= -i. If the lens be very thin we may neglect t. 

The combination of a series of surfaces, to which the remark- 
able properties apply expressed by the formulae (19, 20, &c.) ob- 
viously correspond to a system of lenses placed tf^ther on the 
same axis: and afford us an elegant and simple expression fur 
their joint action upon a ray of light, or pencil of rays, as 
compounded of what Avould be their separate effects upon it. 


Spherical hemes . , 

22. The formula; already established give us directly the dis- 
tances of the foci of lenses in terms which indeed arc correct only 
for infinitely small pencils, but afford approximations in other 
cases the more accurate as the pencil is smaller. These values 
are applicable for nearly all the purposes of general explanation, 
since we suppose, what is alij^t always the case in practice, 
that the lens consists of only a very small segment of a sphere, 
that its thickness is inconsiderable, and that the axis of the pencil 
coincides with that of the lens. 

It is only necessary to distinguish the different cases which 
arise out of the different combinations of surfaces by which the 
lenses are formed, and the effect wuich these differences have on 
the convergence of the refracted penv.ilB: all which follow di- 
rectly from our formula; by the mere consideration of the signs 
of the radii. 

At the outset wc assumed -h ^ a^corresponding to a surface 
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whose convexity is turned towards the incident ray. In con- 
formity with this assumption the different species of lenses may 
be enumerated and described as follows : 


1. The double convex; or both surfaces 

, . , . I + rand — r 

convex ; in which we have -3 . 

2. The plano-convex; «r one surface') 

convexj the other plane . . ■ 3 °° 

.S. The meniscus, or concavo-convex ; in 


+ »• < + t, 
j — r 


'o-convex; in') 
which the surfaces meet . . . j 

4. The double concave ; or both surfaces 
concave 

5. The plano-concave ; one surface con- *) 

, 1 t — r ♦ »• =s so 

cave, the other plana . . | 

6. The convexo-concave; in which the' 
surffices do not meet 


lich 


+ r > + 


The three first are included under the general term of “ convex " 
lenses, and the three last under that of concave." 

Whenever the focus of refracted rays falls on that side of 
the lens from which we conceive the incident rays to proceed, it 
is obvious that the rays will actually be diverging. So that 
the focus will merely be the point from which the directunu of 
the rays originate, and is therefore not a physical but a g&nnetn- 
ral or imaginan/ focus 


23. The principles on which we can shew the effect of the 
different species of lenses on the convergency or divergency of 
the rays are these : according as the incident rays are conveiging 
or diverging we have f Qt — After deviation they will 
converge or diverge according as we have + or and this 
will of course depend on the signs of the two terms of which the 
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value of -jr is composed, vis. upon the sign of /, n^hich will be as 

Jtt 

above stated, and on that of which is dependent on the signs 
and magnitudes of r , that is on the species of the lens. When- 
ever we have with the^ opposite sign to /, then diverging rays 
are made tP converge, or converging to diverge. When we have 
fff with the same sign as ft then wcyslmll have converging rays, 
converging more or less than they did before, (that is, converging 
to a point nearer to or farther from the lens, and therefore at a 
greater or less angle) according as f, is less or greater than f. 
And similarly diverging rays diverging more or less than before, 
according ns f, is greater or less than f, whicli will depend in 
each case on the signs of the terms. 

It appears from the formula (17) that in each of the three 

'1 1 

first coses above enumerated we have the factor ( posi- 

. T V, 

tive, and in the three last negative. Hence we may trace tlie 
results in each of the cases arising out of the general formula 
( 17 ) which may lie thus exhibited in a tabular form. 


Lent. 

Incident 

Pencil 


I 

J. 

r 

.Sign ot/„ 

Itefracted 

Pencil. 

A 






+ 


1 

1 

\ ( Diverging 

11 

1 

> < 

1 Converges. 

Convex ^ 

+ P„ 

< - t 

K 

s > 

[/< r. } j^_ 

) Divergi 
) less 

1 

1 

1 e Converging 

Li +j 

!1 

1 

K. 

+ 7I 

i ^ Converge^ 

iJ.. < ^ \ more. 


/ Diverging 

\ -J 

il 

1 

~T~ 

4f 

- 7 } 

!/■.</ 

) Uiveigcs 
5 more. 

Concave 
— F 

f Converging 


1 


■^>""11 - 

j Diverges. 


\ +/ 


P, 

i 

1 


) Canverge 

S less. 
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Upon the whole we may state the results of the above synop- 
sis by saying that the convex lenses tkno to give convergence, 
and the concave, divergence to the incident rayif^ 

From the formula fur the focus of parallel lays it follows, that 
the place of that focus is the same, whichever side of the lens is 
turned towards the incident light. 

If we have a combination of lenses acting tugcthcf, the for- 
mulae (19, 20) apply directly ' aud upon determining the prin- 
cipal focal length, whose reciprocal is called the power of each 
lens, seiiarately, we find the jwwer of the combination expressed 
by the algebraical sum of the powers of the separate lenses. 

If the double convex lens become a sphere, that is, if its two 
mdii arc equal and opposite and have the same centre, then 

taking the formula (31) substituting m s=~ r = — r, and < = 0 
and putting for c, its value from (30) it gives us 

J_ _ 2(w— .1) 1 

c„ mr c 

On differentiating the formula (13), we have 
— 

f.r ~ r 

the upper sign corresponding to the cases when and,/)# kave 
the same sign, the lower to those in which they are different 
Hence, on the same side of the origin, as ,/' increases /), also in- 
creases ; on opposite sides, as y* increases decreases, or in either 
case the foci of incident and refracted rays (which are called 
conjugate foci) move in the same direciion. 

Sp/tet^i^l Reflectors. 

24. In the case of reRexion we have usually to consider only 
one surface. And the formulae for spherical reflectors result im- 
mediately from the first of the preceding expressions, by the 
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mere subBtitution of the value »«= — !. By this means we 
obtain the following expressions from the forms (19) and (12] 


JL ? 

F. " r 

_L - ^ ^ 

X “ » } 

= Fr 


(33) 

(34) 

(35) 


We may observe that in equation (34) the terms are in arith- 
metical progression, and consequently their reciprocals/, rf will 
be a harmonical. From equation (31) we also get by the same 
substitution the forms referring to the centre. 


1 

c. 



(36) 


And adopting an analogous notation, T, to distinguish the case 
of parallel rays. 


1 

C, 



(37) 


Whence in general 


1 





(38) 


25. Of spherical reflectors it is evident that we have only two 
species : the convex, which accords with the general case of our 
former investigation, and in which we have supposed + r ; and 
the concave, in which we consequently have — r. 

It is evident from the formula (33) that according to the sign 
of r we have positive or negative. Hence taking the cases 
which arise out of the general equation (34) we have the follow- 
ing results exactly analogous to those in the cose of lenses, and 
which may be best exliibited in the same tabular form : 
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Convex 

+ K 


Concave 

— F. 


Incident 

Pencil. 

JV. 

1 

s. 

A ^ 


Sign of 

f. 

A 

Reflected 

Pencil. 

\r 

Diveiging 1 ^ 


/ 

i /,</ 

) Diverges 
$ more 

Converging i t 

+ / J ( 

x-iV 

7 > F. 

[j < F. 

}{ + 

! { I, >./ 

1 Diverges 

) Converges 
) less. 

Diverging } t 


\f > F, 

!{ - 

1 Converges. 



[y < F, 


) Diverges 
) less. 

Converging ) t 

+/ f t 

1 1) 
K J * 


{ J. <) 

> Converges 
) more 


lleiicc in general convex mirrors tend to give divergency, and 
concave, convergeiicy to incident pencils. 

On differentiating the formula (3d) we hare 

// /• 

The upper sign corresponding to f and with the same signs. 
Hence (on precisely the same principles os in refraction) the con- 
jugate foci of spherical reflectors move in opposite directions 


Direct Pencil. iS'econd Aj)pro3siniation. 

26. We before remarked that the constancy of or of and 
consequently the accuracy of convergence to a focus, depends 
upon our being able to neglect z. It is also evident if z be not 
neglected, yet if it be small compared with the other quantities, 
we shall still have fur the different rays of a pencil extending 
over an arc measured by moderately small values of 9, the dis- 
tances or expressed by quantities which differ extremely 
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little, or the points at which the rays passing at dilFerent ])arts 
of the arc intersect the axis mil differ little from being coinci- 
dent ; and this conclusion entirely dejicnda upon the nature of 
the function in which we at first had the values oi involved, 
and which is of such a form as to admit of a limit, or to have a 
finite value when s = 0 

If we coiici'ive, agreeably to our former suppositions, rays {ail- 
ing ujioii all parts of a portion of the curve including an arc 9, 
the smaller 0 is taken the more will the distance /, or f„ ap- 
proach its limiting value, and will decrease as 6 increases. 

Thus for such systems of given extent, the points of inter- 
section with the axis lie within certain limits, the rays succes- 
sively crossing the axis and intersecting each other . so that when 
the arc is sujijHised to revolve about the axis and form a s])herical 
surface, we shall thus have conical surfaces of rays correspond- 
ing to successive annuli, having their vertices in the axis ; and 
as the arc B is larger the vertices will lie at points further sepa- 
rated along the axis, the different conical surfaces successively 
intersecting each uthuiv and the locus of such intersections being 
a sort of funnel-shaped surface. 

27. The investii'iition of the limits within which these vertices 
or points of intersection of the rays n, with tho axis lie, de- 
pends evidently on principles involved in our primary formula, 
that is on a fuither approximation towards the exact values otf^ 
&.C. To proceed then to such further approximation we must 
consider the development of the expression (10), which we shall 
he able to obtain as that of f, a function of s, by means of Alac- 
launii's theorem, in terms of the hmitirg values of the original 
function and of its successive differential coefficients. The modi- 
fication wu have hitherto adopted has been equivalent to taking 
the first term of such a development or the value of y) when 
. =s 0. The entire development will evidently be 
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SY 

/, = (/,)« + (f ^ + &c. m 

In exticuting the dilfurentiatiun of equntiun (10), in order to ob- 
tain the becond terin^ we meet with no other ditticulty than what 
arises from the Icngtli of the expression hut after several reduc- 
tions we obtain the value when e = 0 in the form 


\ fix Jo (»i_J)/ + 



__ 1 > 

IJ M 


This again admits of another simplification, since the first factor 
is evidently what would result from t.iking the value of f, given 
by equation (11), and subti acting r thus we have 



(40) 


But while 9 remains of moderate magnitude, the powers of z 
above the first may be neglected, ; and if we proceed only to this 
term, involving the first power of z, wc shall have a second ap- 
proximation bufiicient for the purposes of our investigation. 


28. If wc proceed to introduce a second surface (and we may 

limit our investigation to the case when m = -^) wc shall have 

further considerations to attend to. We have hitherto been con- 
cerned with y, as a function of z . we have now to consider 
whose value deiicnds firqt on tliat of y^ which deteriniiies the po- 
sition in wliidi the ray is incident on the second surface : and 
secondly, on the conditions introduced with the second surface , 
where in a way precisely analogous to what takes place at the 
first, /fj appears as a function of the new arc, or of its versed 
sine . or simply we have to developc as a function of two 
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variables, z which we can do by the formula corresponding to 
Maclaurin’s theorem, or we must take 

For the formation of the first of these partial differential co- 
efKcients,it will suffice to take the hrst approximation (15), con- 
sidering ^ as the variable, and on differentiating it we have 
directly 

dfn _ »«///* 

■// 

Whence we obtain 

( \ _ ^f,\ _ {Mi.\ 

\ dz Jf, \ djf ' d z )q \ // / \ dz 
The second is obtained at once by the formula (40), merely 
writing/, for/, r, for r, s, for s, and m = — which gives us 


il Zf J Q 


(///« — »•/)* 


( 1 


1 

ftiO 


Hence by substituting these expressions we have the approximate 
value of the development (41) 


/--/«.+ j-A 

It has been usual in elementary opti''s to regard the first ap- 
proximation as generally sufficient, and to introduce the second 
rather as a corrci'tiun subsequently applied by transposing the 
first term of the development to the other side, and thus having 
the difference between the exact value and the first approxima- 
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tion expressed by the second term : or in other words, the dis- 
tance between limiting position of the intersection of a ray with 
the axis, and the actual position of any ray corresponding to a 
given value of In this 3 M>int of view the second term is calfed 
the aberration, and written = a. 


29. These expressions obviously include both reflexion and re- 
fraction. For the aberration in reflexion at one surface, we sub- 
stitute as before m = — 1, and we have by substituting the 

corresponding value of — in the second factor, the expression 

Jjn 

« = (43) 

which for parallel rays becomes 


(44) 


In the general case the aberration in reflexion is frequently 
expressed as referred to the centre of the spherical surface for 
the origin : or ive have, 

(//o — r) =: =s 7^^ ^ 

Hence we And on substituting in (4.3) 


a 


(c - C,)« 


(45) 


Some writers commence the investigation and deduce the whole 
development in these terms : but the method here followed ap- 
pears at once simpler and more general 


30. From the above expression, for one surface evidently, and 
for two if we suppose z ^ s, nearly, it appears that the aberra- 
tion will vary as a or versiii. 9 that is, for a small arc, or when 
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we neglect 2 *, by the property of the circle, as sin.* 6. When 
the arc is supposed to revolve about the axis, the sine becomes 
the radius of the circle, limiting the extent of the surface, and 
is termed the apa lure." Hence ue s.iy that ihe aba ration 
varies us the square of the apeiliue, ueaihf (4fl) 

A perpendicular to the axis at the distance /,o meeting the ray 
produced being written = b, we ha\e directly 


h r sin. B 


(47) 


But for sm.ill changes in the value of fl or sin. 6 the change in 
f, and in z will be insensibly small, so that if we regard the 
denoininator as nearly cunstiuit, since « varies as sin * 0, this 
shews that h inries as wn •* B. b is frequentl} called the lalei al 
aberralioH, as a is called the lonptlmhnu} : hence we say that 
ihe lateral uberi niton varies as the cube oj the aperture, nearly. 

(4R) 

Returning now to the expression (47), if we take anotlicr arc 
fly and corresponding lines 6y a,, and, as just observed, the de- 
noiiiinutor being regarded as constant, on coni}>ariiig the values 
we have very nearly 

b a, sin 9 

« l>, sin fl. 

This will of course apply equally if the arc 0^ be taken on the 
other side of the axis , so that the two r.ij s eorres^ionding to 
these arcs being produced will intersect ; and from the jioint of 
their intersection dropping a ]ieriieiidiculaT »/ on the axis, it will 
divide the distance a — into two parts, of which that com- 
mencing from f may he called x then it will be evident from 
the similar triangles that we have the fullou.iig ratios 


X 

.7 


a 

h 



V 


a 

b 
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And thence 


a — a, — X __ sm. 


Kin. 6 
sin. 6. 


From which we deduce 

sin. 6 -h sin. ff, /4q\ 

a=x ; — . — - ^ ‘ 

' sin. 9 

But from what has preceded we can express this in another 
form . for since on the principle (46) we have 

sin. * 9, 
a sin. * 9 


this will give us 


s= a 


sin ‘■*® — sin.*® 


And comparing these values we find 

sin. ®^(sin 9 — sin.®,) 
sin. * 9 

From this form wo may find the maximum %'aluo of x . which 
from a well-known principle will take place when the two fac- 
tors in the numerator are equal : this will evidently he the case 
when we have sin.®, — ^ sin ®; and the coirrc<»ponding value of 
X will obviously he 

* = ■{ n 

And since * and^ increase together, «e have at the same time 
the xnaximiim value of y 

From the slightest consideration of the successive positions of 
the rays, it will be evident that this value of y is the greatest 
distance from the axis at which any ray corresponding to a vari- 
able value intersects the extreme ray, which we have supposed 
corresponding to a fixed value 9: all the rays therefore pass 
mthiit the distance so determined; and it is the least perpen- 



41 DIRECT PENCIL. 

dicular through xvhich they all pass, or when the system re- 
volves it becomes the radius of the least circular section of the 
funnel-shaped surface formed by the intersections of the cones 
of rays. This is called the circle ^ least aberration, or least 
diffusion. 

31. We may here observe that (for one surface) the alierra- 
tion will be nothing, or the rajs converge accurately if the con- 
ditions be such that we have cither 

= r and therefore by (12) / = ; 

1 /» 

or — — — 

~ r 

that is, by an easy deduction from (12), when we have 

J = » («* + 1) (54) 

In this last case the position of the focus being found, a cir- 
cular arc of any convenient radius about it os a centre will cut 
all the converging rays at right angles, and. therefore a second 
surface so placed will not alter their convergence ; or we may 
thus have a lens possessing the same property. 

Recurring to the general tlieorj', its application to the aberra- 
tion of lenses luid mirrors is sufKcieutly obvious. So long as we 
suppose very small portions of spherical surfaces, or small pencils 
of rays incident about the axis, the first approximation suffices 
for the position of the focus. For larger arcs the point of max- 
imum condensation, or least aberration above determined, is to 
be taken as the sensible focus. The aberration when applied to 
reflectors is most usually expressed ir terms referring to the 
centre. 

In estimating the precise effect and amount of aberration, and 
following out the different cases, there is however some com- 
plexity The^c points, together with the investigation of the 
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general conditions which shall make the aberration vanish, or 
give accurate convergence by combinations of spherical surfaces 
(of which we just mentioned one very simple case), and which 
are called aplatiatic lenses ; and when this cannot be effected, 
the determination of that combination which with a given power 
shall have the least possible aberration : — ^ivill all be found fully 
discussed in Sir J. Herscltel's treatise on light * Art 294, seq. , 
but it would be uusuitablo to the limits of this work to enter 
upon them. 


Oblique Pencil, passing through the Cent* c. 

112. We have thus fur considered an incident jieucil of ratfs 
whose 01 tgtu ts situated %a ihut radius of the spherical surface 
which wc have ialen as the axis, and upon which also we sup- 
pose the other surfaces, if such are introduced, to bo similarly 
situated. And wc have investigated the distances along that 
axis at which the deviated rays will successively intersect it, and 
by the contnirrence of those intersections accurately, or \vithin 
certain limits, give rise to foci situated in the axis. 

If, however, we suppose the origui of the incident rai/s not to 
be restricted to lying tu the axis, then wc must have recourse to 
other considerations. 

We shall at present consider one case in which the conditions 
are remarkably simplitied, and which involves an important pro- 
perty. 

Taking one sur&ce, if we conceive a system of rays diverging 
in all directions from a given point out of the axis, it is evident 
that among all these rays there is one whose direction passes 
through the centre of the spherical suriacq, and whidi conse- 
quently passes the surface undevwted. This may be taken as 
the axis of a small jtencil surrounding it, and for this small 



44 


OBLIQUE PENCIL. 


pencil the distance^^ may be found along this new axis by the 
same formulae as before. 

33. If we suppose /tvo rurfaces this will no longer hold good : 
but we find that there are positions here in which oblique rays 
may pass without deviation, or nearly bu. This will readily 
appear from simple geometrical considerations, since correspond- 
ing points may be found in the two circular arcs at which the 
tangents or small portions of the surfaces are parallel. 

Now let any two circular arcs with radii r be placed on the 
same axis at an interval I, and points be taken in each where 
the tangents are parallel, the line joining those points cuts the 
axis at a distance e from the first arc. Then since the radii at 
these two points are necessarily parallel, we have from the simi- 
lar triangles the proportion 

r 

r — c r, + / — e 

Whence c = • (55) 

f — f ' 

Since this value involves none but quantities constant for all 
parts of the same arcs, it folloAVS that all such lines cut the axis 
iH the same point. This investigation applies to all the cases of 
lenses by giving r its proper sign ; and it appears that the point 
thus determined may lie either within or without the lens, ac- 
cording to the conditions of the different cases. 

Now to apply this to our purpose we have only to observe, that 
if a ray be incident at such an angle that its direction after pass- 
ing the first surface pass through the point thus determined, it 
will emerge parallel to its original direction . and there may be 
an indefinite number of rays so incident at all parts of the first 
surface. This point has been termed the " centre ” of the lens ; 
or to distinguish th^ word used in this sense from its geometrical 
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ineaniogf it may be called tlie optical centre. If the dititance t 
be inconsiderable the ray will pass without any sensible devia- 
tion, or coincide with its original direction. 

Any such ray therefore may (os in the former case) be taken 
as the axis of a small pencil, which (unless the obliquity be very 
great) will converge very nearly to a focus measured along it by 
the original formulas. The distance e is obviously the particular 
value off l^longing to such a ray. 

Where only one surface is concerned, the analogous property 
which we have just noticed referring to its centre, may be con- 
sidered 08 a particular cose of this more comprehensive pro- 
perty. The distance e in that case becomes the radius of the 
sphere. 


34. An important consequence arises if we suppose several 
s\ stems of rays incident in this tvay, the positions of their origins 
being given, in which case among all the ra} s of ouch set there 
must be some one in each, ami a small pencil about it to which 
the above conditions apply. 

If we conceive the origins to lie in the plane of the section in 
a given form, or a number of them contiguous so as to form a 
locus whose nature is known, then the points corresponding to 
the respective values of f/ for each pencil, will form another 
locus whose nature may be determined from that of the given 
locus. 

If the lens be such that the optical centre falls within it, then, 
if the given locus be a circular arc whose centre coincides with 
the optical centre, it will be readily seen that tlie focal locus 
will be also a circular arc similar to it and concentric with it. 

If it be a straight hne perpendicular to the a/;is, then, in the 
case of two surfaces (/ being disregarded) and designating tlie 
values f &c. on the oblique axes by &c. 9 being the angle 
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'which any of these oblique axes imssiiig through the " centre 
form with the original axis, we have 


/=/*cos. 9. 


Hence in the formula for y), (27) applied to the oblique axis on 
substituting the value of J' and dividing, since is constant, 
we have 


V 

ri 

Jn -j,, 

\ -f- cos 


(56) 


And ill the same way for one surface, observing that e or is 
here equal to the radius of the spherical surface and the angle 0 
is formed at the centre, ive have by formula (25) 


r. 


1 — 


m F. 


F 

ni + cos. 


and if 7/1 = — 1 this becomes 


(67) 



1 


F. 


K 

f 


cos. 6 


(58) 


Thus we dad that in all the cases the equation of the locus of 
the focal points is the polar equation of the second degree, the 
species of the curve being determined by the values of and,/. 

An investigation of the same point might also be made by 
referring to rectangular coordinates, but the method here fol- 
lowed is simpler. 


Ojitical linages, 

35. The optical application of these principles is of import- 
ance. Since from every point ij^ a luminous or illuminated object 
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there originates a system of rays diverging in all directionsj 
some small pencil of each of these systems will fall on a lens or 
spherical reflector placed at a given distance in such a position 
that the threclwii of the ray after reflexion, or after the^r^f 
refraction, will pass through the optical centre of the reflector, 
or of the lens, which is the condition of the above theory. Ilcnce 
the foci of these small pencils will form a corresponding locus of 
bright pomps, giving rise to an image or picture of the original 
object : these are usually called opitcnl images. 

We have considered certain cases in which we have flnind the 
locus of these focal points sm the plane of tefl action or reflexion, 
and the revolution of the system would thence produce a focal 
luminous surface; and if we conceive some material surface 
made to coincide exactly with this optical surface, it would have 
jiaiiited, ns it were upon it, a rupresentation of the original object, 
which in the case (for example) of a spherical segment, would 
be a similar segment if a straight line, or object occupying n 
plane surface, the image will he in the surface of revolution of a 
conic section. If therefore in this case the image were received 
upon a plane screen, it would appear distorted and confused to- 
wards the edges. 

If we suppose the extent of the object to be but small, and re- 
gard only its Unear dimension in the plane of any section of the 
lens or reflector, and compare this witli the linear dimension of 
the image iu the same plane at right angles to the axis, it is 
obvious that since tbe two extreme rays including that linear 
space cross on the axis, the ratio of the linear magnitudes will be 
simply that of the distances from the point of intersection at 
which the object and image are respectively situated. 

In the case of a reflector these, will be tlio focal distances re- 
ferred to the centre. 

In the case of a lens, when the optical centre falls within the 
lens, and when the thickness is ^^lected, the distances will be 
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the conjugate focal distances referred to the surface. These are 
the cases most usually considered. 

36. The formation of optical images will be better understood 
if we here consider the simplest case in which it takes place. If 
a small aperture be made in the shutter of a dark room^ among 
the rays which proceed in all directions from every point in ex- 
ternal illuminated objects within the range of the visible space 
opposite, some from every such point will fall upon the aperture, 
and crossing there will pass into the room, and may be received 
on a screen or on the wall opposite : here then there will be a 
corresponding point of light received from every point outside, 
and of the same proportional intensity and colour : so that in 
fact a picture of the external objects in their relative position, 
but all invet ted, will be formed on the screen, and may be seen 
by an eye situated anywhere in the room by means of the ir- 
regular reflexion or dispersion of the light so incident from the 
surface of the screen. Tlie clearness of the image depends upon 
the minuteness of the aperture, or on the small diameter of each 
pencil when it falls on the screen. 

If instead of the small aperture, a lens were fixed in the shutter, 
every one of the incident small central pencils would be brought 
to a focus (as just explained), and being thus not only reduced to 
a mere point, but a greater quantity of light being concentrated, 
a much brighter and more distinct image is produced, and may 
be seen painted as it were on a screen with great beauty and ac- 
curacy towards the central }iart, though distorted towards the 
edges. This is the principle of the Camera Obscura. 

On the same principle, if the direr*- light of the sun be re- 
ceiA'ed on the small aperture, the rays from the different parts of 
its disk which cross at the aperture, will give a corresponding 
circular image on the screen properly placed. In this case if the 
aperture be very small, its is immaterial, for suppose it 
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triangular, a number of minute triangular i)encils will cross and 
proceed to form an image made up of a number of small triangular 
luminous spaces partially superposed, but arranged so as to cover 
a circular space resembling the figure of the sun's disk, and which 
if the triangles be very small %vill be sensibly circular. This 
fact was noticed by Aristotle. In a solar eclipse the image has 
a part similarly cut off. • 


Oblique Pencil, not parsing through the centre. 

.37. In order to proceed to the more general discussion of oblique 
rays, we must first establish as a fundamental position, the limit- 
ing ratio of the increments of the incident and deviated rays 
subjected to the general law at any surface. And we here con- 
sider « to represent the length of the incident ray from the 
radiant point to the surface, and that of the deviated ray to 
its point of intcisectiOH tvtlh a contiguous ray at a very small 
interval. 

Corresponding to the very small increment of the incident ray 
tl u, wc will suppose a small increment of the arc, which is the 
section of the given surface, and which we will write d s. Then 
in the usual construction of the incrcmentid triangle, it will 
readily appear that the angle formed with the arc by the small 
perpendicular dropped on the ray will be equal to thus we 
shall have 

d n = d s . sin f 

And in precisely the same way with regard to u, 

d u, = d s . sin. <[>, 

9 

Whence, introducing the value m from the fundamental law, wc 
have the equation 

d u — nidtifSsO ( 59 ) 
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38. Let us suppose a small jiencil converging to a point out of 
the axis incident upon a portion of a curve whose radius of cur- 
vature is y, and that the pencil after passing the surface con- 
verges accurately or approximately to a focus, whose distance is 
measured along the oblique axis of the pencil Let the original 
point of convergence be joined with the centre of curvature by a 
line which wo will call k, and the focus of the oblique pencil with 
the same centre by a line A, • The length u, here expresses the 
approximate focal distance Then by the oblique triangles thus 
formed, we have 

— y® -h 2 w y cos. ^ 

A * ^ It/ — y ® + 2 y cos. 

And since a small variation in the arc intercepted makes an in- 
sensibly small change in k, and k is constant, we may differentiate 
the two equations for the variables, it 4p u, ip, respectively, which 
gives, 

0 a: It d H + 7 co8< ^ dn — n y sin. ^ d f 
0 = ft, d u, + y cos. d u, — w, y sin. (p, d tp, 

From these expressions we can eliminate the differentials by- 
means of the relation established in equation (59), and of 

sin tp s= in sill <p, 

whicli gives d tp cos. <p — m d <pi cos. ipf 

Hence by getting the equations above into such a form that we 
can readily avail ourselves of these substitutions, we shall obtain 
an expression for u, in terms of » and the other quantities. 

There are several forms into which such an expression may 
be successively brought dependent m'Tcly on trigonometrical 
changes . for oui present purpose it will snlhce to observe that 
we may easily deduce the following ' 


My cos. ip^ tan. ^ 

* tt tan ^ —(n + y cos. p) tan 


( 60 ) 
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It will be readily seen that by means of such an expression for 
a small pencil supposed to be brou^t to its focus at the distance 

we thus determine its position^ that of the focus of the inci- 
dent pencil being supposed given. We shall have occasion after- 
wards to refer more particularly to this form. For the present 
it may be observed that we have hitherto always investigated the 
positionsj &c.j of rays in one plane, and then fouifd that by 
supposing the whole construction to revolve we had similar con- 
clusions applying to the surface and to the solid pencil so gene- 
rated. This mode of proceeding however is necessarily limited 
to the case where the axis of the pencil coincides with the axis 
of the curve. 

In the case of an oblique pencil we must suppose in the pre- 
ceding construction that the ray or axis of the small deviated 
pencil, is produced to meet the line k, and its length so in- 
tercepted we will call v ^ ; also let the angle which the line k 
forms with the radius be then it will be evident that we 
have the ratios 


7_ _ 8in. (t f, + x) 
« sin. X 

7 _ + x) 

V, sin. X 


(61) 

(62) 


39. The use of introducing this last construction will now ap- 
pear. Wc suppose a small arc of a curve which may be taken as 
coincident with an arc of the circle of curvature, and the plane 
in which any one deviation takes place, and to which the fore- 
going formula applies, must pius through the origin of the inci- 
dent rays and the centre of the circle of curvature. 

If we suppose another section taken anywhere to the right or 
left of the plane we have hitherto assumed, which we will call 
the primary plane still passing through the line k, or what is the 
same thing, if wc suppose the whole to revolve about k tlirough a 
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very small onglcj it is evident that the focus for each section re- 
tains its position determined by in that plane j and that we 
shall in consequence have a series of such local points lying in a 
small circular arc corresponding to tlie arc through which the sec- 
tion revolves, having its centre in the line and in the point 
where produced meets it. This small circular arc, then, lies 
in a plane'at right angles to the primary plane, and which we will 
therefore call the secondary plane. All the rays in each section 
will pass through their focal point in this small arc, and will all 
meet in the line k. Thus considering this small arc as very nearly 
a portion of a straight line, it is said thal in a small oblique fien- 
cil ajler deviation all the rays pass through two lines, in planes 
at right angles to each other, whicli, as the rays do not pass 
through any one focal point, are called focal lines : and this pro- 
perty has been denominated astigmatism. 

The form which the deviated pencil takes is worthy of notice. 
If the original incident pencil be supposed to have its transverse 
section a circle, whose diameter is X, when it hills obliquely on the 
surface its section will be an ellipse, whose principal diameters 
arc X and X sec. It will thus take the form of a conoidal solid 
whose base is an ellipse, and its transverse sections will in general 
be ellipses. Let us suppose a section made at any distance x 
from tlic surface measured along , culling the diameter in the 
primary plane I, that in the secondary h, wo evidently have their 
lengths expressed by the forms 

/ = X sec. ^ ^ (tiS) 

( 64 ) 

as « increases both I and h decrease; at one point they become 
equal or the section is a circle. 



FOCAL LINES. 


When X = u, we have 2 = 0 and 





or the ellipse merges in the secondary focal line, whose length is 
thus given. 

Proceeding onu'ards, x being greater than w,, or the numerator 
being (x — nj we have elliptic sections in which / increases and 
h decreases, till at a certain distance they become again equal, 
and the section a circle. When this happens we have, by 
equating the above values 

(»/ — = »# (® — «,) sec. 9 

Whence by an easy reduction we obtain 

(1 4- cos. 0) 

jU SIS - 

1 + — cos. r/» 

• 

fur the distance at which this circle is fomted. Its diameters are 
fuund by substituting this value of x, .md are each equal to 


(A) = X 


»/ — « / 

1 ), + cos. 


Here the rays approach most nearly to convergence, and it is 
called the circle of least confiisw/t. 

Increasing x further wc have A decreasing and / increasing till 
X = when A = 0, and 

( 2 ) = X sec. A — i 


The ellipse here merges in the primary focal line, whose length 
is thus given. After this 2 and h both continue to increase in- 
definitely. 

The subject of oblique pencils if further pursued ivould lead 
us into very complex details : what has been here given must 
suffice for the purpose of elementary explanation, and will se-ve 
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to shew how greatly a system of reflected or refracted rays, if it 
include pencils of any considerable obliquity^ will deviate from 
accuracy of convergence. The effect thus produced as well by the 
aberration ns by the astigmatism upon the formation of images 
will be readily apparpnt^ and the distortion and indistinctness it 
will occasion towards the edges, or indeed at all parts except 
just those formed by the most central portion of the rays. It will 
thus be seen that the full development of this part of the subject 
must be of considerable importance in its practical application to 
the construction of optical instruments, where nice determinations 
are required of the focal lengths, and exact estimates of the 
amount of deviation corresponding to given apertures and ob- 
liquities But for full information on these points the student 
must refer to Goddington’s treatise on Reflexion and Refraction. 


40. It is worth noticing that the* general supposition of the 
formula (00], is such ns to include under it the case of a small 
pencil coincident with the axis ; for dividing by tan. it becomes, 




M 7 cos. 


tan. ^ 
tan. 


tan. ^ 
tan 


— (« + 7 c<»s. <p) 


Now if we suppose the rays u and (which may be taken as the 

axes of small pencils), to coincide with the axis, or make <li = 0, 
= 0, we sbjll have. 


The limit of ^ 
tan. 


sin. a 

— - =s »« 

sin. 


Or, since the values « when mcasuied along the axis become 
f, and 7 = »• wo have the formula 


- frm 

- (,„zr}jj+T 

The same as that found by our first investigation. 
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hod of the Intersection* of deviated Rays. 

41. Recurring now to the equation (60) we may make use of 
it to determine the nature of the locus of successive intersec- 
tions of contiguous rays corresponding to any extent of the given 
curve in the primary plane. For it is evident^ from, the very 
nature of the formula^ that it will enable us to exhibit an equa- 
tion to such a curve j the radius y being expressed in terms of 
the coordinates of the given curve, and the angles ^ and conse- 
quently being also determined agreeably to some known pro- 
perty of that curve, and the given position of the origin of in- 
cident rays : such loci are called CAuartes. 

If we consider the surface instead of its section, in general, 
the loci of the intersections of the deviated rays become very 
complicated, as will appear from the mere consideration of the 
focal lines. In the case of a surface of revolution, the origin of 
incident rays lying in the axis, it will be evident that the focal 
line in the primary plane coincides with the axis : and this line, 
or the locus of its centre, is to be considered as one of the caustic 
loci. The focal line in the secondary plane is evidently a small 
segment of a transverse section of the surf.ice formed by the locus 
of successive intersections in successive positions of the primary 
plane revolving about the line k, which now coincides with the 
axis. We shall confine our enquiries therefore to the caustic in 
the primary plane 

42. The general equation (60) will receive modifications in 

its form according as the following suppositions are successively 
adopted. • 

Ist. If the incident rays are parallel, the terms which do not 
involve « will vanish in comparison with those which do, and we 
shall have 
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« y COB. tan. ^ 
n tan. ^ — « tan. 4 ^^ 


Which is easily reducible to the form 

^ ycos sin. ^ 

* sin. (^1 — - 


( 65 ) 


2nd. Yot the case of reflexion, taking the general form and 

t 

making «n = — 1 we have ^ , and observing that we 

must substitute —tan. tft far tan. ip/ there results 


Uy COB. A 

It. = i -i — 

2 u _ IV rats, tit 


( 66 ) 


3rd. In this case, with psirallel rays, we find directly 

w, = -J y cos. ^ (67) 


43. The subject of caustics when different curves are assumed 
as the section of the given surface, is one which has been exten- 
sively treated by several writers. It is purely a matter of cu- 
riosity, and this chiefly in a geometrical point of view. We ivill 
however consider a few of the most striking instances which will 
serve to illustrate the theory. 

It may first be observed, that if we could suppose a medium 
whose refractive power is infinite, or where nt 00 then, in the 
fundamental equation 

sin. A 

m — 

sin 

(Supposing tp to remain finite) we must have ip, — 0, or the de- 
viated niy would coincide with the normal, and the equation (60) 
would be reduced to 

«/ = 7 

Hence in this case the camlxc^tvould emn^'ide with the locus of 
the centre of the circle of curvature, that is, with the evolute of 
the given curve. 

But returning to finite values of m, let the given curve 
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bounding the refracting medium be a logarilhmc spual and 
tlie focus of incident rays at its ])ulc. From the nature of the 
curve it is evident that tjt is the complement of the angle formed 
by the radius with the tangent (and which is designated by if' in 
the theory of curves)j ^ therefore is equal to the angle desig- 
nated by </> in that theory. Hence * we have 

tl = y cos. </> 

And since from the nature of the curve, and therefore also 
ift^ are constant fur all points in the curve, tlie general formula 
(00) assumes a form which is directly reducible to 

u cos. tf>i tan. ift 

^ cos. <l> ‘ tan. tft — 2 tun. tft, 

nr 1 /^ is in a constant ratio to u 

Now from the constancy of the angles tft i\t^ their diilcrcnce oi 
that contained between u and is constant, and consequently 
that contained betiveon and the line joining tlie pule and the 
extremity of or the point in the sought locus * but since !•« 
always a tangent to this locus, it follows that it h.is the property 
that its r.ullu*' forms a constant angle wdtli its tangent, nr it is 
itself a logm ilhimc spiral whose species is determined by the 
ratio of the constant angles, which is readily formed 

In the case of reflexion, sin m = — 1 or </> = ff>, the above ex- 
pression for iij becomes siiiqily 


And on the same coiisiderntions w'e find that the new locus cuts 
Its r.idii at the same angle as the given spiral does ; or it is a 
logarithmic spiral iimiUit and therefore equal to the former. 


Sco rlie Geometry of CuiSrcs aud Curved Suifaccs, inicstigated l>y tlic 
■tpplicatiun of the Diirciential .ind Integr.'il Calculus, by tlie author of tins 
»vork, Oi/iiirf, 1830 p 132. 
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44. If the surface be a plane, we might take the general for- 
mula as modified by the suppraition of y = oo and so proceed to 
obtain an equation for the caustic. But we may in this case 
adopt a simpler method founded on geometrical considerations. 
We have before establislied the relation (2) 

« __ 1 

« 11/ Ml 

supposing the rays m limited by meeting a perpendicular to 
the surface. Now let us suppose that where u meets this per- 
pendicular is the radiant point, and let us conceive an ellipse ot 
hyperbola having its major axis coinciding with this perpen- 
dicular, and its minor axis with the surface, its focus at the 
radiant point, and its ratio of eccentricity = m ; then from the 
point of incidence we have a line u drawn to the focus, and 
if also from the same point a second line be drawn cutting^hc 
major axis, and such that its direction shall coincide with a 
normal to the curve at some opposite point, its segment inter- 
cepted by the major axis being called v, then, from the proper- 
ties of the conic sections, it will be readily seen that we have 

w _ 1 

V ?n 

Comparing this with the relation above stated, we sec that o s 
and the deviated ray coiaades m posilwu with the normal of the 
conic section thus constructed. And this being the case for suc- 
cessive rays which intersect each other, it follows that the locus 
of their intersections will coincide with the locus of the inter- 
sections of the normals of the conic section : but this locus is the 
evolate of the conic section, or the caustic to a plane surface is 
the evolotc to a conic section described as above : and which will 
be an ellipse or hyperbola as we have / less or greater than 
unity. 


4.3. In the ca<iO of reflexion when the given surface is spherical. 
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tlic caustic in the primary plane is easily found by geometrical 
considerations, of which wc will merely give the outline . 1st. 
When the incident rays are parallel to the axis ; 2nd. When 
they diverge from the extremity of the diameter . 

In the 1 St case we have directly 

= |coB.i/> 

In the 2nd since « = 2 r cos. tft the form (66) becomes 



In either case the incident and deviated rays within the circle 
will form equal chords ; and since a right angle at the extremity 
of the cliord formed by lies in the semicircle, a perpendicular 
at any point will divide the diameter through the point of inci- 
dence, in the same ratio. 

Hence in the first case a perpendicular at the extremity of the 
value given to «, \vill cut off half the radius. In the second case 
one-third of the diameter. 

In either cose the extremity of u, will thus lie in the circum- 
ference of a small circle on the segment of the diameter so deter- 
mined. This point will revolve in the small circle which itself 
moves along with the radius of the original circle, and mtll there- 
fore trace out an epicyclmdal curve. 

In the first case the radius of the revolving circle is half 
that of the base. In the second it is equal to it. In the first 
case therefore the locus is a common epicycloid; in the second it 
is the species called the cardwid. 

We con find the locus on principles very similar when the re- 
flecting curve is a cycloid, and t]ie incident rays parallel to Its 
axis. 

In this curve the normal is a chord of the generating circle, 
and forms with its diameter, perpendicular to the base, nn angle 
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equul to the an^le f whicli the ray forms with it. llencc 
(from the nature of the circle) the ruy it, passes through the 
centre of the circle. 

Hut we have in this curve the nornial ~ q Hence by the 
fiiruiula fur the caustic 

7 

k u,~ ^ cob. <p — H cos f 

At tlic extremity ut tt, therefore a right angle is formed with a 
line drawn to the foot of the normal it therefore lies in the 
circle, on half the diameter of the generating circle. 

As the diameter of tins ciicle moACS along the base parallel to 
itself, the ])niiit revolves in it and thus traces out the caustic, 
which is aiiolhet < ydoid of half ike luieat dimumous of the 
/list. 

We might give other examples hut enough has piohably been 
said to CYem])lify the i>riiici]ile We will add a few remarks. 

4G From the nature ot the investigatioii by vv'hich we deduce 
the theory of caustics it will readily appear, that the property of 
the absiiiiied curve or surface which is made use of in order to 
deduce the caustic, is solely such us refers to the angles of inci- 
dence at that surface, and it will readily appear that several 
didereiit curves might give the same directions to the deviated 
rays, and so generate the same caustic. This will be understood in 
a more general point of view by only recollecting that the differ- 
ential equation (5!)), which is involved in the discussion, gives 
the connexion between the increments only of the rays, and its 
integration introduces an arbitrary co\atant, and whether it be 
applied to rays converging jn one point or successively inter- 
secting, and so becoming tangents to a new curve, there may he 
an infinite number of loci which shall fulfil the conditions accord- 
ing to the values given to the constant. 
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We may also observe in general that for a veiy small arc of a 
spherical surface, and by consequence of any other whose section 
may be considered coincident with its circle of curvature, .ind 
for rays whose origin lies in the axis, since the aberration varies 
us the scpiare of the aperture, if w be the angle which a ray 
touching the caustic forms with tlie axis, taking the tangent in- 
stead of the sine of its inclination as determining the aperture, 
and assmuiiig a constant X, we have the aberration 


a ~ k tan ^ w 

or (taking the ultimate focus as the origin) in terms of the co- 
ordinates of the point in the caustic 

“ = * 


Also fioin the curve we have 

d jc 

a = .V — V -r = je — tf 

« 1 / ' p 

Combining these equations 

1/ = p X — / p * (<iy) 

Differentiating this equation and observing that pd i djf we 
obtain 

(.1 — 3 A dp = 0 

writing the first factor = 0 and substituting iii ((JU) we have 

y = 2kp'^ 

restoring the value of p, transposing and integrating we obtain 

•* = g (2 0‘ J* 

or wilhm small limits near the^ ultimate focus, or cusp, every 
caustic approaches to coincidence with a semi-cuhical parabola. 

Rays after forming a caustic may intersect again and form a 
new caustic, and so on successively. On this point the reader is 
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referred to Herschel on Light, p. 362 . Examples of simple 
caustics will be found in Coddington’s short treatise, p. 17 and 
80 . The subject is almost entirely one of geometrical curiosity ; 
and the dilfcrent cases may be investigated either independently 
by geometrical methods, as in Wood’s Optics, p. 240 , seq. or as 
we have taken them ; or yet more generally by means of an equa- 
tion which we shall give presently. The loci are easily traced 
out by accurate drawing ; and may be readily exhibited experi- 
mentally by light reflected from any polished curved surfaces, as 
from the inside of a cup, when the caustic is formed on the sur- 
face of the liquid in it ; or by means of a slip of polished metal 
whicli may be bent into any concave form, and held upon a card 
so that the plane of the card is nearly in the plane of reflexion, 
when the curves are beautifully formed upon it. The caustics 
by reflexion were formerly called catacamlics, as those by re- 
fraction dmeansites : these last may also be shewn by placing a 
card nearly in the plane of refraction, and receiving on it the , 
rays which have passed through a glass vessel full of water &c., 
or by other similar means. 


Surfaces of accurate Convergence. 

47. We have hitherto all along supposed the nature of a curve 
or surface given, and our object has been to And the position as- 
sumed by the deviated rays in consequence of the conditions sup- 
posed. We will terminate this part of our subject by an inves- 
tigation of a reverse dcscriptiou : where the problem is to fnd the 
nature of a surface such that the devw*rd rays shall converge 
accurately to one point; the discussion of which ivas originally 
pursued by Newton and Des Cortes. 

Jenning the given point with the focus of incident rays by a 
line c, and taking this as the axis X to which the locus is to 
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be referred, the given point of convergence being tlie origin, we 
shall have, 

K = ^ — a?)® + .y" 

«/ — i/ar® + » 

If we also take the fundamental formula 

(i u — tndtty = 0 • 

and integrate it adding a constant » and substituting the above 
values of w and </, we obtain 

>/(c — ar)® + — + + m=-0 ((>!)) 

If we proceed to remove the radical sign it is evident that there 
must result an equation of the fourth degree, the locus of xvhich 
is the curve sought, and which by its revolution will generate a 
surface fullilling the required condition. 

Without stopping to discuss this curve we may consider one or 
two cases in which the results assume particular forms worthy of 
notice. 

If we suppose the incident rays parallel, the increment of k 
will be equal to that of j; or d n = d x and the formula (59) 
becomes, 

d V — md u, = 0 

and integrating and substituting as before, we Imve 
X m ^ y2 + H = 0 

In this case by transposing and removing the radical sign the re- 
sulting equation is of the second degree 

+ (»M® — 1) »* — 2mx — «* s= 0 (70) 

the species of the curve being dependent on the value of m® 
compared with unity, if greater ah ellipse, if less an hyperbola. 

In the general case if m = — - 1 the equation (69) become 
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and in tliis instance it will be found that on transposing and 
squaring, certain terms will destroy each other, and we easily de- 
duce 

4 » * — (c® — «®)® — 4 (c® — » ®)j:® + 4 (c® — «®) cx = 0 

the species of which depends on the value of c ® compared with 
« and ^J'ill bo an hyperbola if c ® > » ®, on ellipse if c ® < b 

In the case of parallel rays with m = — 1 the equation (70) 
becomes 

y® — 2wtr — M® = 0 
the equation to a parabola. 

These lost results might easily be established on separate 
grounds by well-known geometrical properties of the Conic 
Sections. 

The relation expressed by the general equation (00) between 
It and Uj is such ns aifurds an easy constniction of the curve, one 
of the intersecting radii together with a constant being in a given 
ratio to the other 

If we suppose the constant' « = 0 we have the intersecting 
radii u and t/^ in the constant r.itio m, a cnnilition which slieu's 
(by a well-known propert\) that the locus is in tin’s case a circle* 
as indeed also appears from the equation which thus is at once 
cleared of routs, and becomes 

(f — t) ® + // ® = m ® (x ® -f ?/ ®) 

Thus we can dutcrniinc a spherical sui face, such that in a deter- 
minate position it shall bring to an accurate focus rn}s whose 
point of convergence is given 

In the construction of this circle by mc.ms of the constant 
ratio above stated, it appears that wiitiiig b for the value of x at 
which the locus cuts the axis nnd 2 f for <^ie diaineter, we have 
the same ratio subsisting at each extremity of the diameter, or 
c + b c + b — 2t 
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whence we find 

c + i = r (mi + 1 ) 

And observing that from the assumption here made, as to the 
origin, (o + &) is the distance of the incident focus from the sur- 
ftice, we see that this case coincides with that deduced iicforo 
on another principle (54). 

In any of these cases ive may introduce a second surface, 
uhich in order that tlie coiivergcncy may not be affected, mu'^t 
be such as sliall be perpendicular to all the rays, or a spherical 
surface of any convenient radius ha\ iiig the jioint of convergence 
as its centfe. 


^lore general meiv of' t/te preceding Theory. 

48. In the preceding theory we have pursued mathematical 
iniestigalions of the positions, intersections, &c. of rays having 
undergone optical deviation at one or more surfaces, usually 
spherical, by methods sufficiently general to include all the cases 
we had occasion to consider, though far from possessing all the 
generality of whicli the subject is suseejitible. We will now 
jiroceed to a brief view of a more comprehensive principle : and 
V itliout entering into considerations of too abstruse a nature for 
the ordinary student, w^e shall lie able to present all the leading 
points hitherto discussed connected together b} their common 
derivation from the equatiim to a deciatrd ray . whence also we 
''h.dl deduce some further pro]ierties. 


Kqiialions of deviated Rays. 

49 Taking as the section of the surface an arc of any curve 
if the angles which the normal to tho curve forms with the 
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axes be written X, Y, respectively, and we take d s the small in- 
crement of the arc, then it will be readily seen that we have 

sin. X = cos. Y = — cos. X = sin. Y = ^ 
ds d s 

And if the incident ray form with X the angle it is evident 
that we also have from this triangle whose tliree angles are w, 
and X, or their supplements 

sin. f = sin (v + X') 

. m d V d X /iM-lv 

or sin. a = sin. u + cos » - - ) 

as as 

In precisely the same ^vay we have for the deviated ray 

. dti dx 

sin. = sin Vj ^ + cos. — ( 72 ) 

Substituting these values in the fundamental equation which 
may be written in general 

sin. 9 + m sin = 0 

sin. u dif + cos. a dx + m (sin. dy + cos. do;) = 0 (73) 
Let « ^ be the coordinates of the point of incidence, « /3 those 
of any point in the incident ray, and a, /?, those of the deviated 
ray ’ then, since both rays pass through the point x y, we shall 
have their respective equations 

/3 — y tan. «(« — «) 

Jf — tan 6»^(ay— jr) ( 

Between the equations (73) and (74) we can eliminate u and 
a, and get the relations ot a a, And we thus obtain 


cos. w = 


sin. et = 


P — y 


's/(a — ry + {P—yY 
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Sin. Wj s= 


fi — y 

>/ C«/— + iP^—yY 


Hence we deduce 


(a — x)dx + (0 — rf)dij {etf-^x)dx+{p,—,y)(iy „ 

An equation which since the coordinates of the point of inci- 
dence and their di/Terontials are known from the given nature of 
the curve, and a j3 from the given position of the incident lay, 
gives us the relation between et^ /9^ or contains ike equatim of the 
devutted ray. 

From this fundamental equation we may proceed to make 
various deductions 


50. In the first place we may remark that the denominators of 
the two fractions in (75) will represent the lengths of the portions 
of the rays intercepted between the point of incidence and any 
points OS j9 in them respectively. We ivill* therefore express 
those denominators by u and u, 

When the incident ray is {larallel to the axis $ — y =0, 
whence tt = a — x and the equation (JS) is reduced to 

dx + »« I («^ — x) dx + — y) d^ I = 0 (76) 

Resuming the general equation (76). If we differentiate the 
value of »’ u* relatively to x and y only, we obtain 

{a — x) dx + (^ — y) dy ^ — udu 
{a, — x) dx + (jS^-ry) dy = — u^du, 

Substituting these values in equation (75) we have 
d w + mdu^ = 0 


( 77 ) 
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when the incident rny is parallel to the axis du = — dx, and 
this equation becomes 

»i d tif ■ — <2 a? s= 0 (78) 

It hence ajipcars that the function (« + »i w,) is a minimum 
when taken from any assumed point in the incident to any in the 
deviated ray. 

We hence obtain the surface of accurate converf»ence as before 

51. If the given surface lie a plane, we may take the normal as 
the axis A”, which gives (3 = 0 and if we take the point where 
this normal meets it as the ori|pn, we shall have for any ])oint in 
the plane which may be taken for the point of incidence x = 0, 
and therefore d,v = 0. Hence the equation (Jo) gives for 
this case, 

«i « (^, — }/) — «,// = 0 (JO) 

01 if W(‘ trau8])ose and sipiarc both sides, substituting fur it and u, 
their values, it becomes 

(/5/ —»/) \ + (»*^ — 1) j * = (80) 

52 IF the given surface ho spherical, taking the line joining 
the radiant jioint and the centre as the axis X, we have jS = 0, 
and from difFercutiating the equation to the circle (the origin at 
the centre) we have 



Substituting in (75) we have 

rq ay + 7HU («/.y — P/X) =0 (81) 

which gives the equation of the deviated ray. 

Fui the point at which the deviated ray meets the axis P^=0 
and wc have 


u, a + mn a.j=. 0 


(82) 



EQUATIONS OF RAYS. 


(i!) 


^vliicli on squaring ami substituting for u and u, gives 

{ (»/ — 0* + I = »«' \ (« — ’•)'* + y® I (IKl) 

and for rays indefinitely near the axis y = i) j; = r and the 
equation becomes 


or 


«/ — » ) = tn ety (a — 1 ) 

(f{4) 

0 

i/i 1 »i — 1 

(85) 

a " • 


TJiesc equations obviously coincide with those from which \vc 
before derived the whole theory of foci, aberrations, etc 


53. If ive make the radiant point the origin, » = 0 ^ = 0 
.tud the equation (75) becomes (omitting the accents of ay /3y) 

m If I {« — x) + p (^ — y) j — w, (v + py) = 0 


If w'o consider a/3 ns constant, and xy ns variable, this will 
correspond to the condition of two deviated rays meeting at the 
point a /3, which are nearly contiguous by virtue of a small incre- 
ment in the arc, or ch.inge in x and y. Differentiating then 
this cqn.ation in respect to a* and y we shall have an expression 
which is without difficulty reduced to 


j VI H (/3 — y) — If,// J q = [m ii + i/,) (1 + p») 

, . dtt dll. 


Here again we can sulistitute for n u, and their differentials, 
•md so ultiniatel> obtain * 

TO* (a* + »y*) (|3x — ay) q 

^m^{px—yy (a + pp) + (»!* — 1) (a- + py)'* (flC) 

By this equation then eliminating from the given equation of 
the curve the terms a y p q, we shall have an equation between a 



70 


EQUATIONS OF RAYS. 


and which gives the locus of the points of intersecti'n of conti- 
guous deviated rays or the equation to the cansltc. 

If the rays become parallel^ or the radiant point he infinitely 
distant, we shall have j; = oo a = co and the terms not involv- 
ing these factors will vanish in comparison of the others — on this 
consideration it will he seen that the equation (86) becomes 

Mi“ (j3 — y) q = »i * (1 + p“) — 1 


If ni = — 1 the general equation (86) becomes 

(•K* + y^)i^x — ety)q = {« + p$) — 

and for parallel rays 


if — y)q—p^ 

The deviated ray being a tangent to the caustic forms with the 
axis X an angle determined by 


or 


tan. 



d /3^ cos. Uy — d sin. = 0 


(87) 


Again, if we differentiate the two equations whidi consist in 
writing » u, equal to their values in and substitute the 
values (a — ») = u cos. «, &c. from the equations (74), intro- 
ducing the conditions of equation (73), we shall obtain 

a B, Bin. w, + a flc, cos. », = r » u. 

' * m 

Squaring and adding this to the equation above, (87), we have 


i|5,« + d.,« = (:^ + du^ 


But the first side of this equjition is the square of the differential 
of the arc of the caustic : or we have 
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.and therefore j = — + a . + const. 

•llie caustic curve therefore is always rcciifiahle if the given 
curve he an algebraic one. 

Let us take as an example^ the problem to And the caustic to a 
plane. We have already found the equation of the deviated ray 
in this case * 

+ (»«® — = «/.y (88) 

dividing by y and differentiating in respect to y we find 

+(«*=— l).iy® = 0 (09) 

and if we multiply the equation (88) by a* and from (89) 
obtain by subtraction 

»l* «'•* (/S^ — y) =s: — y | a® + {»« * — 1) V * ^ 

ue deduce 

wt* a® ^ m* »* + (?B® — 1 ) ^ 

Again, finding from (88) a value of y in terms of substituting 
it in (89) and raising both sides to the power we get 

a jr _|. ^ is/\ ^f„ 2 = (jnu)"* 

which is the equation to the evolnte of a conic section, having its 
centre at the origin, and focus at the radiant point. It will be 
an ellipse or hyperbola according as m is less or greater than 
unity 


General iSysieyts of Bays, 

fi4. Before quitting the purely theoretical part of our subject 
we may properly introduce a very slight mention of the vet more 
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extended point of view in wliich theories of optical rnys have 
been investigated. 

Such a theory has been given by Mains in his Traite d’Op-^ 
tique, prefixed to his prize memoir on Double Kefractionj Paris, 
1810. 

In this investigtitioii he conceives a system of rays to undergo 
optical devialtoH nt any number of Surfaces of any given kind 
successively^ and on their emergence at the last surface he finds 
expressions from which are deduced the laws wliich regulate the 
positions they assume, and the loci formed by their intersections 
In order to convey a somewhat more distinct idea of the nature 
of these investigations we W'ill endeavour to describe, though very 
briefly and generally, the first principle of them. 


.55. If in the last curve surface, whicli we will call M, we sup- 
pose any points P P* at which rays 71 11' emerge, very near to- 
gether, these two rays will not iii general intersect or even lie in 
the same ]ilane But taking P as a fixed point, it is shewn that 
certain positions of P’ may be found in which the rajs R 11' 
will intersect These positions .ire such that a series of rajs 
li IV R" &e will successively intersect emerging from points 
P P' P" &c. which are found to lie in a certain curve whidi we 
will call S, traced upon the curve surface M, and having its 
nature dependent on that of the surface and the law of deviation 
to which the rays have been subjected And this curve con- 
tinues ill like maimer through a similar series of points on the 
other side of P, 

Again, it is found that a currcspond.iig set of points, P j/ j/' 
Ac. from which emergent rays^form another scries of successive 
intersections, lie in another curve S' on the surface M, which 
continued also the othci u ay through P intersects the curve S 
where it passes through P. 
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Thus for every point in the surface M there will he sets of 
curves S accompanied by others S' crossing them. 

From each of the curves S we shall have a corresponding 
curve s formed by the consecutive intersections of the rays J2 JZ' 
It'' &c. and the assemblage of these for all the curves S will 
give a curve surface which we will call £. 

Similarly the assemblage of all the curves s' formed by the iii.. 
tcrsections of rays from the points along the curve S' will give 
another curve surface These are termed caustic surfaces 

The nature and form of such surfaces admit of infinite diversity 
And any surface being assumed as a caustic it may be shewn 
that there arc an infinite number of surfaces which might gene- 
rate it. 

A small pencil of the rays R It' &c. thus intersecting being 
produced aud supposed to enter the eye, enter there and produce 
vision, having the same arrangement as rays would hare coming 
from a real surface coinciding with X The same is the ciu,e with 
the ra}s forming the surface X 'silence the combined effect of 
the two together is to produce a confused and inilistinct im- 
pression on the eye. With real surfaces (supposing them, nr 
one at least of them, transparent, so as to allow the eye to recei^ e 
rays from both at once in tlic same direction,) this confusinn 
would not exist, because they wimld send also at the s.imu time 
other rays irregularly dispersed, which would give ideas of tJieir 
distance, solidity^ SiC 

The curves and surfiiccs thus generated will of course undergo 
great modifications according to the particular limitations wliieli 
we may successively ^dupt in the conditions of the general 

.56. To take one instance, which illustrates well the foregoing 
remarks, and which we have before considered in part ; when 
the r.iys pas.s only one" surface, and that a plane, the medium 
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from which they emerge being the denser, it is found that one 
of the surfaces 2 reduces to a straight line passing through the 
radiating point or origin of light, and perpendicular to the plane 
surface. The other surface S' is found to be that generated by 
the revolution of the evolute of the ellipse about its axis, having 
its focus at the radiating point. Hence an eye receiving a small 
emergent^ pencil consisting of rays from a small portion of the 
curve 2^ on producing the tangent to meet the line 2, it appears 
that one point in that line will also fumisli a ray coinciding in 
direction with the former pencil, and readiing the eye along with 
it ; hence there will be a certain degree of confusion in the im- 
pression produced. But if the eye be placed perpendicularly 
over the point so as to receive the rays belonging to the caustic 
line 2, as well as those from the cusp of the surface S', it will 
receive a very distinct impression. 

If the surface be spherical there will be a line 2 as in the last 
case, and the surface l' of a regular funnel shape. 

And in a plane reflector tl^tvhole is reduced to one point, 
through whicli the directions of all the reflected rays pass behind 
the reflector nt a distance equal to that of the radiating point be- 
fore it. 

But a more remarkable case is that afforded by the Iceland 
crystal, which, as is well known, separates a ray traversing it into 
two pencils, the one undergoing ordinary refraction and on 
emergence entering the eye composed of a small assemblage of 
rays, each of which of course has in reality a slightly different 
direction with respect to the axis of the crystal. But for such 
difference in direction in the rays of the emergent pencil, by 
virtue of the law which regulates the extraordinary refraction, 
will the corresponding rays of the exlrae^dxnartf pencil assume 
directions deviating more from each other and intersecting in 
two surfaces 2 2' neither of whidi reduces to a straight line, and 
which have no points in common ; hence the extraordinary image 
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results from tLe rays of two surfaces which, as before stated, 
should cause it to he somewhat indistinct. And it is found ea- 
pcrimeutally to he less distinct than the ordinary image. 

57* The fundamental principle, that at every point there are 
four positions in which contiguous rays will intersect, may be 
sheivn as follo^vs : Let us assume as the equations of fl straight 
line referred to three rectangular coordinate axes 

= s = by + $ (91) 

If in these equations the coefficients a a & j9 be considered as 
variable independently of each other they will represent all pos- 
sible straight lines. If these coefficients be made to vary accord- 
ing to a certain law, then the above equations will represent a 
certain definite system of straight lines, and conversely any as- 
signable system of straight lines may be represented by them by 
introducing a proper relation between the coefficients. Let it 
be required to introduce such sprelation between them as that 
the equations (91 ) shall represent a system of rays after under- 
going optical deviation at any number of surfaces successively, 
su])posing the luminous body to be a point, and the equation of 
the last surface to be 

/" (* y z) ss= 0 

Let i/^z' he the coordinates of a point of the surface, and let 
us consider the equations (91) as those of the deviated ray pass- 
ing through that point It is clear that the position and direc- 
tion of the deviated ray depend entirely on the coordinates ot 
the point of incidence and the inclination of the plane tangent to 
the surface of that point. Therefore the coefficients aa bp are 

j/ di/ 

may be supposed given by the ccpiatioii F («' ?/' z') corrcspoiid- 


- .. a r t f ^ ^ d ^ . d 

each a certain function eit x y' z or since ^ 



SYSTExMS OF KAYS 


7<i 

iiij; to tlie point of incidence, it follows that all the cooHiciciits 
aa h P arc given functions of (a' y* z') and that wc shall have 

ff = •/), (j^ yV) « = ^ , (*' y' s') . I 

6 = '/» I U'y =') ^ (*'//' =') • S 

ill which </t.j denote known functions. 

ElitniiKitiiig jtf y' z‘ and a from the four equations (92), and 
F { 3 / y z') c 0 wc shall get an equation between a h and j9 ; 
eliminating a, from the same equations we shall get an equation 
between a b and ^ ; and these two equations will constitute the 
required relation that must be introduced between the coefficients 
uf equations (01) in order to make them represent the system of 
deviated rays. Wc might in the same way eliminate b and /3 or any 
two of the coefficients aa b$; but the resulting equations would 
only be equivalent to those already obtained. The required re- 
lation, in fact, amounts to two equations between net ft j3 ; one 
equation containing any three, and the other any three including 
the coefficient left out in the first. They may be represented 
thus, 

» = X (® = 'b {<*P) (03) 

Suppose now wc want to know when two coHSCciilme deviated 
rays will intersect each other. If x,y,3, be the coordinates uf 
their intersection, wc shall have 

s = a X + a. z = by + P 

because this point belongs to the one ray, and supposing ah a ^ 
to take the increments la lb Six IP respectively, they become 
a la ft + 8ft&.c Substituting these values in the original 
equation of the straight line, and supp.>sing 8 u, &c. very small, 
we get the equations of a line contiguous to the original one. 

Hence wc shall also h.ive 

X = (a + la) X a + la z={ft-j- lb) // + ^ + IP 
iiccause the same point belongs to the second. 
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These four oquatious give^ when x^y, arc cliiniimtcd, 

(aSa — a3a) — hgjS) sa (S)4) 


Now by equations (93) 


(I ft ^ tl a ^ 

i« = — + -j- tfj, 

a a aft 


db ^ dh ^ 

8i = -T— 8ai + - - 8/J. 

da dft 


Substituting these values in equation (94), we get an equation 
(ont.'uning 8 a and 8^ raised to the square, consequently there 
are two dilferent directions in every system of deviated r.iys in 
which we may pass from one ray to a contiguous one inecting 
the first. The lu'o dtrechoiis are indfeated by the double value 
8 a 

of • and we may observe that if 8 » and 8 1^ change signs botb 
8 P 

at once, the value of tbeir ratio is not altered, but they will 
change signs when dx' dy' d/ do so. 

Therefore, setting out from the point of incidence, wc may go 
in cither sctise on the tangent to the reflecting surf.icc given by 

eacli value of 

Thus it is shewn that every ]ioiut P in the surface M has four 
])oiiits circumjacent and very ucnr to it from which the emergent 
ra)s respectively intersect with R. 


.'i3. This subject has been more recently taken up by Professoi 
Hamilton of Dublin, who has published in the Transactions of the 
Eoyal Irish Academy, vol. xv, hjs " Essay on the Theory of 
Systems of Hays to which also he has appended a supplement 
in vol. xvi, part i, and a second supplement in part ii, of the 
same volume. 
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Professor Hamilton has in these profound papers treated the 
subject with the most advantageous adoption of all the resources 
of the higher analysis ; and has taken it in its utmost generality. 

He supposes homogeneous rays to diverge from a given origin 
and undergo any number of successive changes of direction, ac- 
cording to the law of optical deviation, at surfaces having any 
given fi^oires and positions, and enclosing media of any given re- 
fractive indices. The position of the final ray referred to three 
rectangular axes gives an expression which is equal to the differ- 
ential of a certain function, which he calls the characteristic 
function. 

Thus, according to this view the geometrical properties of an 
optical system of rays may ho deduced by analytic methods from 
the form of this one chat acterislic function; of which the par- 
tial differential coefficienfs of the first order, taken with respect 
to the three’ rectangular coordinates of any proposed point of the 
system, are, in the case of ordinary light, equal to the index of 
refraction of the medium, multiplied by the cosines of the angles 
which the rny, passing through the point, makes with the axes of 
coordinates : and as these cosines are connected by the known re- 
lation that the sum of their squares is unity, there results a cor- 
responding connexion between the partial differential coefficients 
to which they are proportional. 

In the memoir the demonstration is only partially given ; but 
in the first supplement it is exhibited in the most general form ; 
nml is deduced by the method of variations. 

In the second supplement the author effects the integration of 
the partial differential equations by a new' method : taking se- 
veral cases of the assumed system of rays. 

In the case of rays contained in one plane, or symmetric about 
one axis, the partial differential equation takes simpler forms of 
which he has assigned the integrals, and has given an example of 
their optical use, by briefly deducing from his principles the for- 
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mulct for the longitudinal aberration in the case of spherical 
surfaces. 

With this very brief notice the limits of this treatise oblige us 
to quit this portion of the subject ; and we can only recommend 
the researches just named to the careful study of those who are 
desirous of advancing into the more extended fields of mathemati- 
cal o])tics. ^ 


Theory of Optical Instruments. 

59. In order to apply the preceding theory of lenses and rc- 
tiectors to explaining the construction and principle of the various 
hinds of optical instruments which are of such important use to 
usj it will be necessary to commence with a brief examination of 
the process of ordinary vision, and the structure of the eye, in 
which we shall find the same principles beautifully exemplified. 


The Eye and Piocess of Vision. 

60 The eye in man and the superior animals consists of 

Ist. An external coat, which at the front part is transparent and 
projects beyond tlie general spherical form of the eye ‘This part 
is called the cornea, and is of the form of a segment of a prolate 
spheroid. 

2nd. Enclosed behind this and filling up a small cavity is a 
transparent liquid like water, called the aqueous humour : the 
cavity is bounded behind by, 

3rd. A diaphragm, in the centre of which is a circular aperture 
called the pupil, capable of enlaigement or contraction. 

4th. Next to this a so^ transparent mass formed into an exact 
lens, having both its surfaces convex, but the front least curved. 
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called the crystalline lens. It is found to be denser towards its 
centre than at the edges. 

5th. Behind this the whole remain in g segment of the spherical 
cavity of the eye is Ailed up with a transparent and somewhat 
viscous fluid) called tlie vitreous humour ; and) 

Gth. The surface of the cavity is lined with a blackened coat 
called ^e nigrum pigmeiitum, covered with a delicate reticulated 
expansion of the end of the optic nervC) called the retina. 

The optical eflects produced arc os follows : The pupil limits 
the area of the rays admitted) the elliptical form of the front of 
the eye tend.s to give accurate convergence) and the crystalline 
lens has its focal length fur parallel rays such that with reference 
to the refractive power of the two media between which it is 
placed) it converges raijs incidenl parallel, or nearly so, jqmi I he 
surface of the retina ; and its greater density at the centre tends 
to counteract the aberration. Hence since among the rays issuing 
in all directions from all parts of an object, a small pencil of 
nearly parallel rays will arrive from each point in such directions 
that on entering the pupil they will cross at the optical centre of 
the lens, their respective foci will fall on corresponding points of 
the retina, where thus the images of external objects are painted 
in an inverted position. In what way the light acts upon the 
retina or the sensation is bulisequently commiiiiicatod is wholly 
unknown. There also exists a power in the eye of slightly alter- 
ing its curvature so as to accommodate itself to near as well as 
remote objects. The means by whidi this is effected are not yet 
understood. 

The defects of what arc called short or long sighted eyes de- 
pend on the drcumstance that the cr' stolline lens and humours 
of the eye are so formed as to bring the inddent pencils to their 

4 

fod at distances which do not fall accurately on the retina, but 
are before or behind it respectively. Ilence in the former case 
to produce distinct vision the rays require to be made less con- 
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vcrgcnt, and in the latter more so. This is done to a certain ex- 
tent by bringing an object nearer than the ordinary distance fur 
correct vision in the one cascj and removing it further in the 
other. But this applies only to near and moveable objects : and 
to remedy the evil fur vision at all distances a lens must be used, 
such ns will slightly dimtntsh the convergency in the first case, 
and inci case it in the second : or a concave or convex lens re- 
spectively. 

Gl. By means of the impressions on the retina the eye judges 
not only of the forms and colours of objects, but of the rela- 
tive tnlCHSily of illumination Of this Inst point uc have no 
precise standard of measurement whatever. The impiessions on 
the eje are vague, and c.uinot be compared with each other or 
with any standard. TIic only case in which any degree of acen- 
nicy appears to be attainahlc, is when w'C have the means ot 
giadually bringing tw'o lights to an equality. If the colours he 
the same, and the illuminated spaces adjacent, the eye can deter- 
mine with very considerable precision w'hen an exact equalisation 
t.ihes place. It is on this principle alone that any real determina- 
tions of Photometry can he made. Tlie method proposed hy 
Count Biiinford was to throw the shadow's of on opaque body 
formed hy different lights on the same screen near each other, to 
equalise them by altering the distances of the lights, and thence 
to infer the relative intensity from the squares of the distances 
so found. A method proposed by Sir. Ritchie consists in viewing 
together the light proceeding from tivo plane surfaces, each in- 
clined at half right angles to the direction of vision, and illumi- 
nated by different lights, when again by varying the distances 
and measuring them we obtain an 'estimate of the relative illu- 
mination. 

ff2. Tlie idea we form of the relative magnitudes of objects is 

M 
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determined by the relative space Mtliich their images occupy upon 
the retina. This will depend on the angle at which the small 
pencils from the two extreme points of the object cross at the op- 
tical centre of the lens of the eyc^ and this angle will be as the 
actual linear magnitude of the object directly, and its distance 
from the eye inversely. 

A luioninous body, as we observed at first, has the intensity of 
its light decreasing as the square of the distance at which we 
view it But its baear apparent diameter decreiisos as tliat dis- 
tance simply : and consequently its apparent area ns the square. 
The apparent area, therefore, and quantity of light at all distances 
bear the same proportion; or, in other words, from the same 
extent of surface the same number of rays appear to emanate, or 
a luminous body appears equally bright at all distances. This of 
course supposes that the light does not undergo any diminution 
by its passage through the air or other medium. This is not 
really the cose for great distances, and hence very distant bodies 
become dim, and at length invisible : but within moderate dis- 
tances the proposition, holds good. 

There is also a curious fact olmervable, that a luminous surface 
(as that of a plate of red-hot iron) appears equally bright at all 
inclinations to the line of sight. Hence it follo^v8 tliat the co- 
piousness of emission must be greatest in o direction perpendicular 
to the surface ; and varies as the sine of the angle which the 
emitted my forms with the surface. 

63. If we take the smallest visible point, the rays from which 
may be considered a parallel pencil at moderate distances, anil 
bring it very near the eye, the pencil will cease to possess this 
condition of parallelism, and' the object will be indistinct. The 
same will be true of an extended object, which in fact we see 
by means of the small pencils of parallel rays emanating from 
each of the points into which its length or surface may be con- 
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ccived to be divided. And tliere is thus found to be a certain 
distance varying a little fiir different individual eyesj whicli wc 
coll the nearest distance of correct vision. 

If this limit to the distance for distinct vision did not exist, 
there would be no limit to the degree of magnificatifti under 
which wc might view small objects by bringing them close to the 
eye. • 

At 6U(di distances, however, correct vision, and consequently 
magiiiiicatiun, may to a certain small extent be obtained by 
placing an opaque screen mth a minute aperture in it close to 
the eye, between it and the object. This allowing only small 
pencils to pass and fall on the pupil, enables us to see the object 
distinctly at a shorter distance than wc could witliout it, and 
therefore somewhat magnified. 

But more perfect means of doing this are furnished by lenses, 
the use of which may be thus explained. 

From the manner in which (as we have seen) the image is 
formed at the focus, it is evident that the rays forming the several 
small pencils, which at their points of convergence give the 
several points in the image, crossing at those points continue to 
diverge : and if the eye be beyond a certain distance, from each 
point some rays will reach it so os to cross at the centre of the 
crystalline lens, and thus produce u distinct image on the retina, 
as if they proceeded from a real object. This image however 
may, according to circumstances, have a greater or less angular 
magnitude Uian the object would have if seen directly. But it 
will always be magnified if the object be placed at the princiiial 
focus of a convex lens, and the parallel rays emerging lie received 
by the eye. In ibis case it will easily be understood that of the 
rays diverging {n all directions from any point in the object, one 
small pencil will, after refraction at the lens, emerge in a parallel 
state, and in such a position as to cross the axis (on which we 
suppose the eye situated) at the optical centre of the lens of 
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the eye; and consequently to form a distinct focus on the 
retina. Since all the emergent rays after passing the lens, which 
came from one point in the object ore parallel to each other, and 
therefore to the central ray forming the axis of that oblique 
pencil, iftbllowB that any of them (such as those we have just 
conceived entering the eye) cut the axis at the same angle as the 
central ray does at the lens. Hence the emergent rays from the 
extreme jKtints of the object will cross at the eye at an angle equal 
to that at which the incident central rays from the same points 
crass at the lens • or, in other words, the angular magnitude of 
the image at the eye is equal to the angle Aublcndcd htj the ohjccl 
at the centre of the lens. 


T<descopcs and MicrohcopcA. 

64. The angular magnitude of an object is equal to the abso- 
lute linear magnitude divided by the distance from the eye. 
Hence if (a Ac. arc the angular magnitudes of objects, whose 
linear magnitudes are I Ac., referred to distances e Ac., and 
supposing the first to be the object before a lens at a distance f 
from the lens, of which the second is the image formed nt the 
focal length fj from that lens : let us now siqqmc a second lens 
placed so that the focal image of tlic last becomes in turn the ob- 
ject to tins second lens, and of which on image is again formed 
at the proper focal distance . these two last distances, as referred 
to the second lens aejKurately we ivill express by {f) (f„) ; and 
simiLirly, if more lenses were introduced ; but for the present 
we Avill suppose only two. Then for the first object and image, 
if the lens be such that according to Art. (35) the linear magni- 
tudes are as the focal distances, we have, 



TELESCOPES AND MICROSCOPES. 


8.5 


Agaiiij for the second object and image in like manner, wc have. 


tL — htu _ (/!'// 
(//)«/ 


(no) 


Wlience we obtain for the ultimate comparison of tile mugni- 
tiidcs, which wc will call Af, 


/* /(/V/z 


(97) 


Such is the general expression fur the ratio of the angular 
magnitudes of the original object and final image formed by a 
combiiiutiun of two lenses as just described. To apply these re- 
sults to practical purposes wc suppose the ultimate image so 
formed as to be fit for vision : that is, the rays must emerge 
parallel, or the position of the image which constitutes the object 
of the second lens must be at its principal focus, that is, (.Z*) = 
(FJ, and the (quantities and may be considered as eiqual : 
hence the general expression (97) becomes 


M 


_ •/*// f 


(98) 


The second lens is in this case called the eye lens. 

Wc have here retained the general supposition with regard to 
the first, or as it is termed, the fAjject lens ; and this construction 
consequently applies to an object placed at any distance from it ; 
and it is evident from the above expression, that the image thus 
received by the eye from the eye lens will be magnified if the 
distances be such that we have the numerator greater than the 
denominator : that is, if we form such a combination as shall have 
f and (F„) as small as possible compared with ./), and e. Any 
such combination being suited for*obtaining magnified representa- 
tions of small objects which are vvithin our reach and can be 
placed at convenient distances, is the essential part of the vari- 
ous instruments called microscopes 
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If the object lens also receive parallel ra>s, or the first image 
be formed at its principal focus, then the general expression will 
be modified by the circumstance, that we have = F„, and that 
c aiidy may be considered as cqnal, which gives the result 



(09) 


In tliis case rays being received from rcry distant objects, the 
final image will be magnified in the proportion of the principal 
focal length of the object-glass to that of the ej c-glass. Such a 
combination gives the essential principle of the telescope. 

If instead of on object lens we suppose a sphci ical rejlectot 
substituted, a precisely simiLu: investigation will apply ; but in 
comparing the magnitudes, we must recollect wliat was before 
remarked (Art. 35), that ue have here taken the focal distances of 
the object and image as re/erted to the cenUc; or, in other 
words, the form (95) becomes by this substitution 

Jt. — £_!/ 

and the resulting expression (98) will likewise be. 



Again, in the case of parallel rays, the form (99) would on the 
same principle require the substitution of C, for i'), ; but since 
these quantities are equal, and the difference of sign is here of 
no consequence, that formula will apply here without alteration. 

Such will therefore be the principles of the investigation of 
leJteUuig telescopes and microscopes. 


65. The subject of telescopes is one of immense practical im- 
portance, and at the same time of great extent and complexity 
to follow into all its details. We can here attempt nothing more 
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than to put tho student in possession of the general and funda- 
mental principle applying to all the constructions. It sufficiently 
appears from the foregoing investigation^ that the essential points 
are these . 

From a distant object rays are emanating in all directionsj but 
only a very small pencil of tbcm enters the pupil of the unas- 
sisted eye ‘ the object-glass receives a much larger quantity of 
light from the object ; and thus in proportion to its aperture col- 
lecting these rays at its foens^ it there produces a very bnghl 
image : this is then magnified by the eye-glass in proportion to 
the shortness of its own focal distance compared Avith the length 
of that of the object-glass. 

The extent to which we can succeed in obtaining a bright and 
magnified image of a distant object, is limited in practice by n 
viiriety of causes: those connected with the theory arc princi- 
pally the spherical aberration, and another species of aberration 
which we shall consider in the sequel. In the eye-glass, again, 
the pencils must necessarily, in some measure, fall on it obliquely 
without passing through its centre : hence an inaccuracy result- 
ing from wh.at we have already shewji respecting the convergence 
of oblique pencils. 

66. The emergent parallel jiencils from the ej^e-glass, origin- 
ating from dilFerent parts of the image, cross the axis at dilferent 
successive points, more distant ns they come from points more to- 
wards the extremities of the image. 

If the object-glass bo of greater diameter than the eye-glass, 
the most extreme ray which falls upon the eye-glass, if produced, 
would meet the axis beyond it, and hence the refracted ray must 
cut the axis at a distance nearer the lens than its principal focus. 

Hence the eye must be placed within that distance to receive 
rays from all parts of the portion of the object limited by tliese 
extreme Ta\ s. 
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The axis of the pencil to which this extreme ray belongs having 
crossed the axis at the centre of the object-glass, thus detennines 
the magnitude of the image limited by this ray: or in other 
words, the measure of the image so limited (which is called the 
Jield of victv) is the angle which it subtends at the centre of the 
object-glass. 

But towards the extremities so few rays compose the pencil, 
that they produce no sensible effect. Hence the actual field of 
x'iew in practice is somewhat loss than ns thus determined, and 
the angle subtended by the bright portion at the c\ e-glass, is 
usually taken as very nearly equal to that subtended by the 
object-glass at the eye-glass. 

67 . Since the use of the object-glass is simjilj to collect a greater 
quantity of light, and rajs from every part of the object or visible 
space full upon every part of the lens, any opaque obstacle placed 
here only diminishes the light, but docs not intercept any p.irt 
of the image. By means of thus bringing so mucli more light 
into the image the telescope is applied for shew ing objects, such 
as verj faint stars, otherwise invisible from the diffiisencss of 
their light owing to their distance, as well ns objects invisible 
from the absence of sullLcient light to shew them, as at night ; a 
telescope adapted to this last jiurposc, by collecting as much light 
as possible, uhilst the magnifying power is of secondary import- 
ance, is called a mght glass. 

In the case we have considered, supposing Imtli the lenses to 
be convex, it is evident that the image is inverted. This being 
of no consequence in astronomical observations, such a telescope 
Is designated as an aslronomtcal telescope. For other purposes 
an additional eye Ions is introduced to restore the proper position, 
and sometimes furthei* combinations ore added. Those are called 
eye pieces, and admit of some variety according to the purpose 
for which they arc introduced. 
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The refracting' telescope was invented by Galileo in 
though in a form somewhat different from that just described. 

In Galileo's telescope the ohject-ghi«'> t ’r.g . double convex 
lenSj the rays converging to its focus are received on u double 
concave eye lens before they rcadi the focusj and to that the 
])riiici])ul foci of both coincide : hence the focus of incident r.tj ^ 
for the ej'o-glaas being tin imaginary one, they eiuergi? pari'’Ll 
on the &.ime side on which this imaginary focus lies, and arc con- 
sequently adapted to jiroducc vision, and give a magnified image 
This construction is used iii the common opera glass There is 
here no inversion. 

fiO The simplest of rejlecltng Icicstojjci, the Herschelian, 
in its theory precisely the same as the simple astronomical among 
refracting telescopes. 'Xho pnictical dirtcrence is, that in this 
case the focits of reflected r.ays iiccessarili lies on the same side 
of the mirror as that on uhich the light is inculeiit hence the 
eye lens jilaced to reecne it and the head of the observer nmsf 
intercept a jiortiun of the light This coiistnictioii can thtiefore 
only' ho used for instruments of ver\ large si/e, where the portion 
oi the light thus intercepted is small compared with the whole 
the mirror is also adjusted so (hat the focus may bo tliiovvn to- 
wards tlic side of the tube, by w’liuh means le« light is iiitei- 
cepted 

'file Newtonian telescojie is the same in its general theory | 
but the difliciilty just mentioned is ovcreonie by placing a 
small plane reflector in the Uibe at half right angles, wlncli 
throws the focus out without alteration at an .ipcrturc in the 
side, where the eye-glass is placed 

Sometimes instead of the planq reflector the total internal re- 
flexion from a glass prism, projierly placed, is used . in this w ay 
much less light is lost. 

The Gregorian construction obviates the difHcnlty by' placing 

N 
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in tlic tulie a small concave reflector facing the large one, and 
beyond the focus, from which by a second reflexion the rays 
return to the object lens, and passing through an aperture in its 
centre are received on the eye lens placed at the back of it. 

The Cassegrainian differs from the last construction only in 
this, that the small mirror is cotivex, and is placed before the 
focus. • 

The principle of the compound Microscope has been ffvenWk 
the general theory. A variety of differences in the details of the 
construction prevail in practice, into which we cannot here enter. 

Refracting microscopes are by far the most commonly used. 
Reflecting micrascopes liave been constructed by Dr. Smith on 
the principle of Cassegrain’s telescope inverted * and by Professor 
Amici on that of the Newtonian, the rays from the object being 
let into a hole in the side of the tube, and by an inclined plane 
reflector thrown on the object mirror, whence the image is re- 
ceived by an eye lens opposite. 

Single lenses or small spheres are found to afford microscopes 
of very high power. 

In regard to the various constructions of these instruments and 
their several adjustments, &c., the fullest sources of information 
are accessible to the student in the larger w'orks already often 
referred to, and especially Coddington's treatise on optical instru- 
ments, forming the second part of his eidargcd treatise on optics 


Unequal. Rejran^biltty of Light. 

69. We have hitherto all along reasoned about light considered 
as homogeneous ; or supposing that every integrant part of a ray 
of light was subject to precisely the same laws of optical devia- 
tion. It is found however that in regard to refraction this is not 
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tlie casCj and tlie proof of it is rendered most conspicuous by the 
successive refractions at the two surfaces of a prism. 

We must here recur to what was she^vn in Art. 12 , relative to 
the position of minimum deviation; and we may remark that 
this position is easily found in practice without any measure- 
ment of the angles; for near this position the motion of the 
image corresponding to a small motion of the prism about its 
^8 will be insensible^ but a little out of it increases rapidly in 
]iroportioii to the revolution of the prism. We have therefore 
only to observe when the image becomes for a moment stationary^ 
and it is then in the required jiositioii. 

Now there is an important ainseqiieiice from what is es- 
tablished ill Art 12. If Ave conceive a small homogeneous pencil 
to impinge on the side of a prism, so that the centr.il ray of the 
pencil is at the incidence of lainimum deviation, then the emer- 
gent ray forms the same angle at the other side of the prism. If 
titen the pencil be so small that we can consider this to be true 
fur each of the extreme rays of the pencil, it fulloivs that ive shall 
have for one of these rays ^ 
and for the other also </>' 

Avhence — 4,' = 

But these differences express the inclinations of the rays to each 
other; this inclination therefore remains tlie same after emer- 
gence as it was before. 

Thus, then, fur an object of small angular magnitude, the an- 
gle subtended by the image formed by passing through a prism, 
tmght to bo the same as that subtended by the object 


70. Now when we try the experiment, taking an object of 
small angular magnitude, the light from which is of any ordinary 
kind, such as the sun, and cause the small pencil of rays to be 
refracted through a triangular prism in the position of miuiinum 
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deviation, on receiving the emergent rays on a screen, instead of 
the circular im:ige subtending the same angle as the sun which 
should be produced on the above principle, we find it elongated 
to several times its breadth, in the direction perpendicular to tlic 
axis of the prism.. It follows then that some of the rays %ndeTgo 
greater refraction than others, or for different integrant parts of 
the incident beam the value of m must be different. 

s 

But this is not the whole of the observed results * the imag^|f 
not only elongated, but, when>as the light was at first uhitc, it 
is now separated into a sacression of colotn s, u hich, thronghont 
the whole length of the image (or spectrum as it is called) arc 
continually shading off from one into another; beginning from 
a deep red at the least rcfi acted oxtremity, the tints pass through 
successive shades of light red and orange to a bright yellow, and 
this agiiu into green, which, acquiring a more blue tint, at length 
{lasses into blue, beyond which it terininates in u faint violet 
light at the most refracted end It is uncertain when these 
phenomena were first observed, but they were first accurately 
ex}>lained and the legitimate conclusion drawn from them by 
Newton, ill IO 7 I. 

The unequal rcfraiigibility of light opens to us a new field of 
optical research; but, as throughout the jireceding articles of 
this treatise, we have as yet confined ourselves to those points 
connected with the theory of light which regard its direction and 
change of direction in different cases, so we shall here first ex- 
amine those results of the principle of une({unl refrangibility 
wliidi involve simply the consideration of the tliieclton taken 
by the diffovciit rays , ami afterwards recur to those which re- 
late to other properties, or title nature and constitution of light. 

The princqile of Newton's exjieriments was precisely that 

• * 

which we have already explained. He found that the different 
component parts of white light olioycd different laws of refraction, 
and the parts into which the refracted beam was thus separated 
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retnined tlieir distinct degree of refrangibillty^ whatever subse- 
quent modifications they were made to undergo. 

Any one coloured ray of the spectrum being insulated by 
letting it pass through a hole in the screen which stopped the 
rest, could be made to exhibit no further clongRtion^ sepanition, 
or change, by being again subjected to more prismatic- refractions. 
The red space formed by one prism being thrown on p. screen 
level with the violet of another, and both being viewed througli 
a third prism, they appeared to sepanite from each other by the 
effect of the different refrangibilities of the rays which formed 
tliem 

71. Conversely also he found that when the light Imd been 
thus decomposed the spectrum might be received through an- 
other prism in an inverted position, and the coloured rays thus 
be recompounded into white light This could also be done by a 
lens. 

But the most simple and elegant form of the experiment 
is that afforded by one prism nnthin itself , bupjiosing it equila- 
teral and the r.iys incident in the position of minimum deviation. 
The ray at its first refraction being formed into an initial co- 
loured s]icctruin, when it reaches the second surface is separated 
into two jiortions, one eincrging and forming the spectrum, an- 
other reflected internally which meets the third side where it is 
partly reflected again, but from the equality of the angles of in- 
cidence and emergence in this jiosition, it forms with*this side an 
.iiigle equal to that wdiicli the first refracted ray formed with the 
first surface ; the rest of it therefore emerges in a iK'am of white 
light. 

73. Wlien a certain position is given to the prism it is evident, 
from Art. 9 , that the rays cannot emerge to form the spectrum 
but undergo total reflexion' this is scon to take phice siicces- 
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sivel^ for the different rays in the order of their refrangibility, 
until the reflected ray becomes white. 

A remarkable appearance owing to this cause is presented if 
we look into a prism laid on one of its sides^ and exposed to the 
sky. That part of the base away from the spectator gives a 
bright reflexion of the sky^ which at a certain point is bounded by 
a coloured edge, first greenish blue and then violet^ within which 
the rest of tlie surface appears dark. This is easily explained 
from considering that rays coming from different parts of the sky 
full on the first surface, and arc refracted to the base at different 
degrees of obliquity , all those which come milhin the limit arc 
wholly reflected ; at the limit, first the red ceases to be reflected, 
or the reflected portion consists of the remaining rays, having 
therefore a preponderance of green and blue ; successively other 
rays go out, till only violet is reflected, and beyond this the re- 
flexion ceases. 

Tliis remark also apjilics to the parallel case wo before consi- 
dered, of vision under water (p. 13). At the limit between re- 
flexion and refraction there mentioned, the different primary rays 
will disappear in succession, and the circle of vision will be 
bounded by a ring of colours similar to those just mentioned as 
seen by reflexion in the prism. 


Dispersicc Powen. 

m 

73 . It appears then decisively established by the experiments 
of Newton, that, for the same refracting mcdtim, a diffetciU re- 
fractive index, or value of m, inseparably belongs to each of the 
different rays, or parts into which the length the spectrum can 

I 

be distinguished ; or, if we recur to what we before established 
respecting the deviation of a ray, and observe the deviation of 
any one given ray or ]M>iiit in the spectrum we may choose to fix 
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iipoiij and substitute the value of S thus obtained in the formula 
(S) , ive shall have the value 

sin. i (8 + 0 

m s= . : 

sin. t 

which will be different for each different ray or point in the spec- 
trum; least in the red, greatest in the violet, and about the 
vollow nearly equal to the mean. 

There is however considerable didiculty in defining the patli- 
ctilar point of the spectrum for which this observation is *madc 
merely by means of its colour, but if great accuracy be not desired 
it is sufficient to take a part near each of the extremes, and com- 
paring the refractive indices for these points with that which be- 
longs to a mean or compound wliite ray, we may express what 
is called the dispersive poiver of the medium, by which term is 
understood its effect in ])roduciiq; tliis separation of ra 3 's, or the 
difference of the deviations for the extreme rays compared svith 
that of the mean 



7*1. If we try the effects ivith prisms formed of different snh- 
stances, we find the degree of separation not only of the extreme 
rays, but of any two rays -which we may compare in the spec- 
trum, very different ; or, in other words, the whole spectrum ex- 
tends to a different length, and the colours severally occupy dif- 
fcroiit proportional parts of tliat length, in different media. 
Newton took for granted that there was no material difference 
between substances in this respect ; its existence, however, was 
observed by Clairanlt, Boscovich, and others: and it has been 
fully investigated by subsequent philosophers. This difference, 
both in the amount and character of the dispersion in different 
media, is a remarkable physical^ fact, the cause of which is 
wholly unknown. 

7.^ Let us suppose any definite rays or points in the spectrum 
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fixed ui)on, and tlmt fur each \vc ob.servc the particular value of 
i, and thence deduce that of Wi which we will distinguish os he- 
lunging to the rcd^ violet^ &c.. by subjoining the initial letters^ 
as m„ m„, &c., m simply standing for the index of a mean ray. 
Then the dispersive pomci of a medium is usually estimated by 
taking, first, for each respective ray the diifercnce of its index 
from upity (which corresponds to its deviation from the direction 
of incidence) , then, the difierence of these quantities for the two 
cxtrchdc rays ; and then, comparing this difference with the same 
quantity for a mean ray. Thus we have the dispersive power 
expressed by 


n 


— 1 ) — 1 ) 

»» — 1 



( 101 ) 


In this ivay tables have been formed of the dispersive powers 
of different media, these determinations referring, as we have 
observed, to the two extiemc rays of the spectrum, those rajs 
lieing but ill defined, and their degree of separation being in no 
way proportional to the action of the media on the other raj s, 
such results are of lio great prorision in a philosophical jioint of 
view, thougli affording approximations which arc valuable iu 
practice. Tlie following numbers, from the same authority as 
cited for the refractive powers, maj’’ suffice to give some notion 
of tbc differences among transparent media in this respect ; and 
it will be apparent that the dispersive follows no proportion to the 
refractive jiower. 


Chromate of lead . , . . . • 0.4. 

Realgar . ... 0 26. 

Oil of Cas^ ia . ... 0 139. 

Sulphur 0.13. 
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Several oils, about 

0.06. 

Flint glass 

. 005 

Other oils 

0.04. 

Several acids 

^0.04. 

^003. 

Diamond 

0 038 

Water . 

0035. 

Crown glass . 

f 0.03. 
ioo27. 

Alcohol 

0.020 

Fluor Spar 

. 0022 


Chromatic Aberration, 

76. It is evident that tlic unequal refmngibility of the different 
integrant rnys will affect their convergence when subjected to the 
iction of a lens, and that the f(K»il length for red rays will he 
greater than that for the violet. Thus continuing an analogous 
notation, or dropping the accents and writing fr fur the dis- 
tances of the foci of the red, violet, &c. rays, we have fr greater 
than : and this circumstance will create a deviation from exact 
convergence, (independent of the spherical aberration,) which is 
Cidled the chromatic aberratwn, and which is measured by the 
interval /, — 

We may easily perceive that in any one pencil supposed (ab- 
stracting from this cause) to converge accurately to a point, we 
shall hove, from the crossing of the differently refiracted rays at 
different points, a circle of least chromatic aberration, whose 
position is easily found, as follow^. 

If we conceive the extreme red ray from one side of the axis, 
intersecting the violet from the other, we may drop a perpen- 
dicular, y, from their intersection upon the axis, which shall divide 
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the distance fr — fz into two parts, w and dr, and calling the 
semi-aperture of the lens «, we shall obviously have, 

— s= — 
fr fz 

whence we deduce, y = » *4 (102) 

fr Jz 

The denominator of this expression is evidently equal to twice 
the mean value of^ or 

aj = - (/r -/.) r 

Jii 

Again, we have from the original formula (18) 

1 . _« 1 = (»»« — 1 ) _ jfnr — 1) 

Jz ft P p 

Which on the above consideration easily leads to the expression, 

/r-/. = /»• 

f 

Or, substituting the value of p, this becomes 

_ — ”*»• flit 

~ TO — 1 ' F„ 

Whence we obtain 

2y = « VJzrz.Hi: L (103) 

wi — 1 F, 



In the case of parallel rays the last factor is unity, and the 
diameter of the least cirdo of chromatic aberration is equal to 
^ > the semi-aperture multiplied by the dispersive index. 

^ The position of this circle is easily found from the fiorms abovc^ 
(102), whence by adding and reducing we find 


2/r/. 

fr fz 


(104) 


/i- + » = 
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77- effect of the chromatic aberration is not merely that 
of giving a coloured appearance to the image, but of creating a 
confusion and indistinctness owing to the different degree of con- 
vergence in the different rays at the same distance. 

But the vertices of all the cones are the most strongly illumi- 
nated points : and these all lying in the axis, the centre of any 
^rcular section will be the brightest point, from which .the illu- 
mination decreases to the edges. The yellow rays converge nearly 
to the mean focus, and these have by far the greatest illuminating 
power. 

These circumstances tend to compensate the bad effects of 
this aberration. It is diminished also by reducing the aperture, 
though not in the same ratio us the spherical aberration; the 
latter being as the square, the former as the simple power of the 
aperture. 


Achrofuatism. 

78. Such is the case with a single lens, the aberration being 
greater or less according to tlie dispersive power of the substance. 
But by means of the differences found in the dispersive powers 
of different media, the chromatic aberration of a single lens may 
be counteracted by combining if with another : and the principle 
on which this may be effected follows immediately ih>m what 
has been already explained. 

Let us suppose two lenses of different dispersive powers com- 
bined close together, so that we may express the power of the 
combination by the form (20 ) ; supposing the value of m to refer 
first to the red and then the y^olet extremity, we shall have 
successively 

Ulrl 1 


Fr 


tltr 1 

P 


+ 


Pi 
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1 »/!, — 1 nifi — 1 

-- _ - _j_ 

J'p f Pi 

Now if these focal lengths were equal, the chromatic aberration 
tvoiild be destroyed : and they may he made so by properly as> 
Burning p Pi or such values may be found by equating the ex- 
pressions 

(ffir ^ Pi) + («rl 1) f 1) #1 + (”*«> * 


Whence 


(irt, — . 1 ) — (w,. — 1 ) 
Pi (»*rl— 1) — (*»rl — 1) 


But since nt^ is less than m„ the denominator will be negative, 
or we have 

p {lH„ Vlr ) 

P I (Mbi — *»rl ) 


We may thus find lenses whicli will fulfil the condition by re- 
collecting that p pi give us the principal focal lengths for mean 
rnjs: and these must be in the ratio of the dtspcruve jmwerSf 
and of opposite signs . or the one lens convex, the other concave. 

But it is evident that such a mode of correction can refer only 
to those two rays wliuse indices wc introduce. 

The same values of the radii which produce the complete coun- 
teraction for tliese rays will not produce it for others. Hence 
further means must be employed; an additional lens or lenses 
are sometimes introduced to correct the colour which the first 
combination leaves uncorrected. But the investigation becomes 
more complicated, and in practice opticians are generally 
obliged to satisfy themselves by approximate corrections. Lenses 
of crown and flint glass are usually combined. Sometimes fluid 
lenses have been employed; a liquid being enclosed between 
glasses : this method possesses many advantages. 

The principle of achromatic combinations of lenses, has been 
here directly deduced from the consideration of the formulae : it 
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admits, however, of the following more familiar illustration. If 
we suppose a prism which separates the extreme (or any two 
given rays) through a given angular space : another prism of the 
same substance and with the same angle, placed in an inverted 
position ivith its sides parallel to those of the first, and receiving 
the rays as they emerge, will of course recombine them and make 
them emerge in a white ray, and in a direction porallehto their 
first direction. If it be of a different substance, and have a 
higher dispersive power, it will recombine them with a smaller 
refringent angle, in whicli case its second surhtcc will not be 
parallel to the first surface of the first prism, and therefore the 
emergent white ray will deviate from its original direction, and 
we shall thus have refraction witliout colour 

If we conceive these prisms to be portions of lenses, we shall 
thiH have rays refracted out of their first direction, and conse- 
quently capable of being brought to a focus, without chromatic 
aberration 

79 . It follows from the formula: (103) for parallel rays, that 
the circle of least chromatic aberration, or of least colour, has the 
saiiie absolute magnitude whatever be the focal length of the 
lens, provided the aperture remain the same. Now since in a 
telescope (with a given eye-glass) the image is magnified in pro- 
portion to the focal length of the object-glass, it follows, that by 
increasing the focal lengtli the magnitude of the image increases, 
uhile that of the coloured border remains the same : by continuing 
therefore to increase the focal length, we get an image so much 
magnified that the colour liears an insensible proportion to it. 

Hence as lung as simple lenses only were used, in order to 
correct the aberrations and sccurq a due quantity of light, it was 
necessary to have telescopes of very unmanageable length Some 
of those constructed by Huyghens were of one hundred and one 
hiindreil and fifty feet focal length. The introduction of the 
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compound achromatic object-glass renders 8U(di great lengths un- 
necessary, and reduces to convenient limits instruments of greater 
power than any of those formerly made with single lenses. 

The principle of achromatic combinations appears to have been 
first suggested by Mr. Hall, in 1729 : but was neglected until 
rediscovered and applied with such eminent success, by Dollond, 
towards the end of the last century. Mr. Barlow of Woolwich 
lias lately carried the construction of fluid lenses (originally sug- 
gested by Dr. Blair) to great perfection. (^Philos. Trans. 1831, i.^ 

We have here supposed tlie correcting lenses to be placed close 
together, so that we could apply the formula for the power of a 
compound lens. They may however be separated by any inter- 
val, and sometimes such an arrangement is made by which certain 
practical advantages are gained. In this case we must employ 
formulas similar to those for a compound lens, whicli are de- 
ducible in the same manner, only introducing the quantity t 
which expresses tlic distance between the surfaces. 

Upon a principle somewhat similar it is possible to construct 
an eye piece of two lenses of the same material, which shall be 
achromatic. But into these details the limits of this treatise for- 
bid our entering : the student must refer for a full discussion of 
the subject to the complete treatises so often named, Hersdiel 
on Light, and Coddington on Optical Instuments, and the last 
mentioned author’s Treatise on Bcflcxion .and Refraction, p. 257. 

We s hnll afterwards recur to the subject of the prismatic ana- 
lysis of light in connexion with other properties : for the pre- 
sent, still confining ourselves to those which involve merely the 
directions of the different rays owing to reflexion and refraction, 
we shall be enabled, by the help of tlie simplest deductions from 
principles already established, ^ explain one of the most splendid 
phenomena in nature, the rainbow. 
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The Rahibow. 

80. If a ray fall upon a sphere of greater refractive po^ver 
than the surrounding medium, on being refracted into it (confin- 
ing oursdves to one circular section) it will proceed in tlie direc- 
tion of a chord till it meetti the circumference again, where, 
agreeably to what has been already explained, a portion of it ivill 
emerge and another portion ^vill be rejlecled inlerttally : and this 
describing another chord equal to tlic former will’inect'the sur&ce 
again, when the same thing will take place ; and this successively 
a certain number of times dependent on the first incidence ; after 
which the ray will finally emerge. If the arcs subtended by 
these chorda be WTitten = y, radii to the points of reflexion will 
form with the chords, angles » imd we shall have 

X =a w — 2 

Let there be n sucli reflexions ; also let 6 be the arc intercepted 
between the first incidence and the last emergence, tlien we find 

0 s2ir — (n + l)x 

= 2 (» + 1) — (i» — 1) » 

It is also evident that according to the number of reflexions 
will the ray emerge in such u position os to meet the direction of 
the incident ray before or behind the sphere. Thus if there be 
only one reflexion, the rays cross behind ; if two, before. See. Let 
the angle af which they meet be S : then, the upper sign corre- 
sponding to the case when they cross before and the lower when 
behind, we have 

t 

— ± 

S + J2 </i — 2 (ii + 1) + (W— 1)5^} (106) 
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It is also evident^ that since the internal angles arc all equals 
the last angle of emergence is equal to the ,first angle of inci- 
dence 


81. If now instead of a single ray we suppose a small pencil of 
parallel rays, it will he evident that, the small arc presenting dif- 
ferent incidences to the different rays, they will in general take 
different directions, and the final emergent pencil will consist of 
diverging rays. But they may under certain conditions emerge 
in a parallel pencil. These conditions may be thus investigated . 
corresponding to the small arc occupied by the breadth of the 
incident pencil there is a small increase of the angle and 
consequently a similar small variation in Now if the rays 
ultimately emerge parallel, the angle 9 is the same for all the 
rays in the pencil, or its value undergoes no alteration correspond- 
ing to these small variations, which we may express analytically 
by writing 


Now having an expression (100) for $ os a function of ^ve can 
easily find this value of the differential coefheieut; we have 
directly 




d it>S 


= ± |2 — 2 (» + 1 ) 


cos. «/» 
m cos. 


Hence, in order that this may be ss 0 we must have 


1 cos. <l> 

n -H 1 ' m cos. ipi 

or (» + !)* cos.® ^ cos * 

sin.* tp sin.® ip 


and adding 
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we easily deduce the value, 

«»••/' = (>n7) 

// ■* + 2 n 

for the incidence at ivikch ajlei ii internal lejlexions parallel 
rays emerge parallel. 

Proceeding to a second di/Terentiation wo find, after an obvious 
reduction, 

_ f — 2 (h + I ) sin — 4>)\ 
d tu cos. ® »/> , S 

But since tf>^ < {ft the sign within the brackets is always positive. 
Hence the value above obtained corresponds to a niimmum or 
maximum value of B according ns the sign of B is + or — ; that is, 
according as the emergent ray meets the direction of the incident 
ray before or behind the sphere. 

il2. A pencil emerging at the angle above determined, there- 
fore, emerges parallel this forms a limiting position, on one side 
of which no rays emerge* on Uie other we have ra}s more and 
more divergent. In the case of a maximum these diverging ra^s 
must meet the incident ray at a less angle and behind the sphere 
in the case of a minimum, at a greater angle and before. Thus, 
ill either case, they emerge at a gi'^*atcr angle than that of tlic 
parallel pencil. 

In the same sphere different parts of the incident beam falling 
on different parts of the circumference will, according to the in- 
cidence, enter the sphere in such a position as to emerge after 
one, two, three, &c. internal reflexions. Supposing the ra}s 
to come dotvHwards upon the sphere, they will emerge after one 
reflexion at the lofvet part of the sphere, and diverge above the 
parallel pencil. 
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For two reflexions, the rays are inddent on the lamer part and 
emerge above, and the difliise rays below the parallel pencil. 

We have here supposed tn to remain the same. If we now 
consider different values of tn, for any order of reflexion, it is 
evident from (lOJ), that as m is supposed greater, cos. </> will be 
greater, and therefore ^ less. But Jt is also apparent, that the 
pencils ‘of the different primary rays do not emerge at the same 
point. Thus (with one reflexion) the violet ray separated at the 
first incidence will trace a longer diord, and consequently emerge 
at a greater distance (measured round the circumference) than 
the red. The parallel violet pencil, therefore, ivill have a less 
angle of emergence, but will lie in a direction less inclined to the 
incident ray than the parallel red pencil. Or, if we suppose the 
rays to come doivntvards, the red pencil will emerge below the 
violet, and will be more inclined downwards : and the diffuse 
rays will diverge above their respective parallel pencils. 

With two reflexions, in like manner, the violet parallel pencil 
will be found to have a less angle of emergence, but a greater in> 
clination to the incident ray than the red ; or here the violet 
parallel pencil emerges below the red, and is inclined more 
downwards . the diffuse rays diverge below the parallel pencils. 

If we now conceive a number of spheres arranged in a vertical 
line, and parallel rays coming do^vnwards upon them all, we shall 
have emerging from each several sets of rays under the above 
conditions. And if we assntne any point on which the emergent 
rays fall, there ivill pass through it, the parallel pencil after one 
reflexion from one sphere, that after two from another, &c., to- 
gether with some rays of each of the diverging pencils from all 
the spheres. 

83. These conditions are fulfilled in the circumstances of the 
Rainbow. The spheres which we have considered may represent 
the drops of rain ' and for the sake of simplicity we will regard 
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first only a set of drops situated in a vertical line : upon these 
parallel rays come downwards from the sun. Let the assumed 
point he the eye of a spectator on which the rays are received after 
reflesion. Supposing the sun's light to consist of homogeneous 
rays of any kindj as red for instance, then, according to the pre- 
ceding theory, the spectator would see a vertical line of red light, 
very diflTuse at its lower part, till at a certain height it* rapidly 
increases in brightness and then terminates. After an interval 
it reappears above at a point of maximum intensity, thoiigli mucli 
less bright than the last, and ointiiiuing upwards fades away . 
and so on successively. 

What has been said of drops in a vertical line, will apply 
equally to those in a line of any inclination. The same scries of 
refiexions and refractions will go on at the same angles in a 2>loHe 
passing through the sun, the eye of the observer, and any set of 
di ojis. Thus the rays reaching the eye after emergence at the 
same angle in all the different ])laneH, will lie in a conical surj ace, 
the eye being at the vertex, and tliu resulting appearance will be 
that of a circular space occupied by faint red light with a bright 
red edge, succeeded by a dark zone , and then another less bright 
red edge followed by a very faint red space ; and so on. 

The same things will hold with honiogeneoiis rays of any otlicr 
colour : hut the diameters of the first circle will be succcssivelv 
less for the yellow, green, bine, and violet rays ; those of the 
second greater in the same order. 

These being all superposed we shall have, within th/s first 
circle, first a faint white light, whilst towards the edges the 
violet and blue will first predominate at their respective maxima, 
next the green, yellow, Ac., and then the red, forming circular 
arcs of their respective colours, ^ch more pure, since the lower 
one terminates at its bright edge, and there is successively less 
mixture: this will constitute a first or inner bow; to this will 
succeed a space comparatively dark. Then, in the next bow. 
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(formed by two reflexions) the red circle will be innermost, and 
the other coloured circles fullo \7 in reversed order, till beyond the 
violet there occurs u space occupied by very faint white light : 
other orders might succeed, but from loss of light all beyond the 
second will be extremely faint. 

These results of our theory are, in fact, an exact account of 
what is •observed to take pLice in nature. The first Iwv is com- 
monly seen, sometimes the second, but never any more from the 
great loss of light and also from proximity to the sun. 

Tiic altitude of the sun being supposed given, it is evident 
that the altitude of the jiart of any of the bows directly opposite, 
measured with reference to any definite point (such as the max- 
imum of any one colour) is found directly by t.ikiiig the value of 
cos ^ currcs])uiiding to any assumed value of m or n, thence finding 
<l> and consequently and substituting them in the expression 
for 8. The arc of a great circle measured by 8 will evidently 
give the radius of the circle of which the bow is a segment, aud 
if a be the sun's altitude above tlie boii^on, that of the highest 
point of tlie bow will bo (8 — a). 

The cause of the rainbow was first pointed out in a general 
way by Antonio de Domiiiis, about 1590 it was more closely 
examined by Dcs Cartes, but nut fully till Newton applied to it 
his accurate conclusions respecting the different refraugibility of 
the primary rays 


JInios, 

01 Some other natural pheuonema are explicable by the 
simple consideration of the unequal refrangibility of light. The 
term Halo is usually ajiplied to luminous circles sometimes seen 
round the sun and moon ’ hut these are not all of the same na- 
ture. Those which .ii e called coi oHte, surrounding the luminaries 
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at small distances, when light clouds or mists are about them, 
exhibit colours which arc not the same, nor in the same order, sis 
those of the prism or rainbow. These are owing to another cause, 
tvhich will be considered hereafter. 

Sometimes larger circles are seen, usually two, the inner 
having a diameter subtending an arc of a circle of about 45", the 
outer about 1)0“, the sun or moon being their common* centre. 
These exhibit the prismatic colours, the red being nearest the 
centre: but they are often faint, and sometimes none but the 
brightest, via. the yellow, are visible ; or, according to the state of 
the atmosphere, the halo may appear nearly colourless, bome- 
timcs these circles are intersected by others parallel to the ho- 
rizon, one of which passes through the sun or moon : at the in- 
teraectiuiis there are points of more intense brightness, giving 
images of the luminary called pa/ hdia and partmleiui’. 

These phenomena arc very rare, hut accurate descriptions have 
been published of those wliich have been observed ; and various 
theories jiropo.'ied to account for them Some of these assume 
the existence of causes of which there is no independent evi- 
dence, and are therefore merely hypothetical. 


85. An explanation grounded on a Irur cause will perfectly 
account for the concentric circles, as follow's : the ])heiionienon is 
seen most commonly in cold climate-, ; ice is linown to crystalli/A* 
in minute prisms, having angles ot 00" ond sometimes at 90". 
These being extremely small aie known to float m the air like a 
mist, and must have their axes in all possible directions Ice has 
a refractive power of about 1.31. In any plane passing the eye, 
the sun, and a section of a crystej transverse to its axis, a pris- 
matic image will be formed, which it may be easily calculated 
from the formula (8), will give on the above data 23= d.*/" 
nearly in one case, and = 90" in the other * thus the concentric 
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cirdes with prismatic colourB, if sufficiently bright to be seen, are 
accounted for. 

This explanation is confirmed by an experimental imitation, 
effected by looking through a plate of glass, on which a saturated 
solution of alum has been allowed to evaporate and crystallize, at 
the sun or a candle, when it it is seen surrounded by halos. 

It dots not appear that this principle will account for the other 
part of the phenomenon, the horizontal circles and luminous 
images. 


Impressions of Light on the Lye, ^'c. 

86. The eye has a power of retaining the impression of light 
for some seconds after the source of light has been actually re< 
moved. This is exemplified in the familiar appearance of a lu- 
minous continuous circle, formed by whirling round a piece of 
glowing ember, and the various optical illusions occasioned by 
rapid rotation, as the thaumatrope, where figures drawn on the 
opposite sides of a card, w'hirled rapidly about an axis in its own 
plane, are both seen together ; viirious appearances assumed by 
Avheels revolving in opposite directions, or of the spokes of a 
wheel in progressive motion, seen through a series of vertical 
bars. The image of the sun sometimes remains impressed on the 
eye for a considerable time, and even recurs after a teinjiorary 

disannearance. 

* • 

87. The different parts of the prismatic spectrum differ greatly 
in their tUuminating effect on the eye; the intensity is very 
small towards either of the extremities, and has its maximum 
nearly in the yellow space. It is probable that rays of too deep 
a tint to be visible, extend to some distance beyond the boundary 
us ordinarily seen When we look at the spectrum through a 
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deep blue glass, this may be seen distinctly with regard to the 
red end of the spectrum. Some eyes are partially or wholly in- 
sensible to red light : hence to them all colours into which red 
enters appear different. 

IrradiatioH, or the £ict that a white body on a dark ground 
appears larger than reality, that the fixed stars appear to have 
some sensible magnitude, &c. ; these and various other .facts of 
the same description are referable rather to physiological than 
optical causes. 

88. It has been ascertained that light is propagated from lu- 
minous sources not iiistantaneously but in time, though with a 
velocity quite inconceivable. This fact w;is first established bj 
Rocmer from observing that the eclipses of Jupiter’s satellites 
are seen later when the earth is in a part of its orbit furthest 
from Jupiter, than when nearest to it. It was hence cnlculuted 
that light travels at the rate of about 192,500 miles in a second. 
A similar result has been also deduced from other astronomical 
facts. 


Internal liejlexion. 

89. When we look at b'ght reflected by a piece of pLite ghiss, 
whose surfaces are not exactly parallel, besides the image formed 
at its upper surface, we see another formed by internal reflexion 
at the second surface, which at considerable obliquities is nearly 
as bright. This takes place when the surrounding medium is 
air : or is produced by reflexion at the bounding surface behveen 
glass and air : and between these media there is, as is obvious, 
a great difference in refractive power. 

Let us now suppose, that to the lower surfece is applied a drop 
of water this has a refractive power approaching nearer to that 
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of the glass , and we now find the brightness of this image much 
diminished. 

Again, olive oil, in which the difference t<t less, diminishes the 
brightness still more. And if wc use jtitch, which is very nearly 
equal to glass in refractive power, l/ie image is totally obliterated. 

If a^in we apply oil of cassia, which has its refractive index 
greater than that of glass, the inuige is teslored. If sulphur, 
whose index is greater still, the image is more bright. If an 
amalgam of mercury, (as in a cumiiioii looking-glass,) this image 
is far brighter than that at the first surface. 

Thus from all these instances we collect, that the more two ad- 
jacent media differ in their ref t active imwei s, the gi enter will be 
the intensity of the light reflected at their hounding surface ; and 
when they are exactly equal tn this respect the teflexionis en- 
tirely destroyed It is hence inferred by analogy that nietcury 
has a high refractive index 

90. All this applies to the mean refractive index , but since, as 
wc have just oliservcd, substances differ materially in their rela- 
tive indices for the different primary rays, it may happen that 
two substances slioll have the same index for some one ray, and 
different for the others. In this case, according to the foregoing 
statement, the result will obviously be, that the image reflected 
at the bounding surface will be totally wanting in that ray for 
which the two media have an equal refractive power; or, m 
other words, it will appear of a tint compounded of all the other 
rays of the spectrum For example, in oil of cassia and flint 
gloss, the index for the red ray is nearly the same, whilst for 
others the oil of cassia has a much greater index than the glass ; 
hence the reflected image has a predominance of blue. And thus 
ill all cases of reflexion, unless in the instance (as yet unknown) 
of two media with absolutely the some refractive aud dispersive 
powers, the reflected ray must always have a tint different from 
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that of the incident ray. This subject has been investigated by 
Sir D. Brewster, and he has pursued it into a variety of highly 
curions results, for which the student must refer to his paper, 
(Phil. Trans. 1829, vol. i). 


Constitution of the Prismatic Sjjectrum. 

91. In what has been said respecting the unequal refrangibility 
of light, our conclusions, strictly speaking, must l)e understood to 
apply to a single ray incident on the prism, and whicli is there 
separated into its component parts. In practice, however, where 
we must employ a ]iencil of finite diameter, in ])roportiun as that 
diameter is larger we shall have a less perfect separation of the 
component parts, or a greater degree of super posilwn. If, for 
instance, we expose the prism to the rajs of the bun without any 
limitation by an aperture, and receive the spectrum on a screen 
very near the prism, it presents the appearance of a white space, 
having a narrow border of red and yellow at one side, and of 
blue and violet at tlie ^ther: as we recede the white diminishes, 
and at greater distances dissippears, and the succession of tints 
becomes such as wo have already described This shews that 
from any one point in the incident pencil, there arise rays of all 
colours : these crossing and intermixing through all the central 
part, produce the white, whilst the unmixed portions only apjiear 
at the extremities. -"tr. 

In order therefore to make the experiment satisfactory, we 
should employ as small a pencil as possible : and the best method 
is to admit the light through a very narrow rectilinear slit in the 
screen or window shutter, the cdge»of the prism being parallel to 
the slit. It is also better, instead of using the direct rays of the 
sun, and forming the spectrum on a screen, to use the white re- 
flected light of the clouds, and to receive the spectrum ou the eye ; 
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that i8> to view the aperture, or narrow line of light, directly 
through the prism. It is only when the rays are thus rendered 
as pure as possible, that we can advance towards any precise 
knowledge of the constitution of the spectrum, respecting which 
indeed but little is yet absolutely ascertained. 

!)2. One remarkable class of &cta bearing on this point was 
first noticed by Dr. Wollaston, (Phil. Trans. 1803, p. 37B,) and 
since observed with extreme accuracy by M. Fraunhofer, of Mu- 
nich, (Edinb. Phil. Journ. No. xviii, p. 288, and xix, p. 26). 
It consists in this * When the origin of the light is a very narrow 
line, and the spectrum formed by a prism of very pure glass, in 
the position of minimum deviation, the whole spectrum appears 
marked by innumerable bright and dark lines ; all parallel to the 
original line, some better defined, broader, and more conspicuous 
than others. With an ordinary prism of flint glass the eye dis- 
tinguishes perhaps twelve of them : Fraunhofer, with an exqui- 
site prism of his oAvn glass, and by means of a telescope, distin- 
guished six hundred. Certain of these lines are well marked, 
and easily recognised: they are at unequal intervals, whidi 
also diflcr for different media, though the lines are in the same 
order, and in the same coloured spaces. They differ essentially 
with the species of light employed : the light of the clouds, of 
the moon, and of Venus, shew them exactly as in the direct 
light of the sun. The brighter fixed stars have lines peculiar to 
thcyiisplvcs : as also has electric light The light of flames shew 
none, or at least only certain dark intervals under particular cir- 
cumstances. 

These lines sup])ly the desideratum alluded to before, vi/. 
certain definite points in tliq spectrum to which our measure- 
ments can apply; and thus we have j>rccise determinations of 
dispersion. The values of vi at the principal lines, for several 
different media, have boeu determined with great accuracy by 
Fraunhitfei 
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93. A question often asked, os to tlie number of primary 
colours, can be aiiswervil only with reference to the sense in 
which it is asked. If it be meant to apply to the number of 
tints distinguishable in the siiectruni, tliis will be a matter of 
individual judgment to different eyes. Newton distiiiguislicd 
seven, others four, or three : but perhaps must observers would 
admit that it is impossible to fix on any number, since the light 
appears to go through every possible shade of colour between tlie 
deep red and faint violet If wo understand the question ns n]i- 
plying to the number of definite points or rays, to each of u hich 
a different refrangibiJity belongs, their number must be con- 
sidered as infinite. Newton concluded, that “ to the same colour 
ever belongs the same refraiigibility.” But this must evidently 
be understood in the sense and to the extent of the conditions of 
his experiments ; that is, that to the same assumed point or ray 
in the spectrum, iiisepumbl) belongs the same index, and that it 
cannot be further altered by prismatic analysis. But it is in no 
ivay at variance with this conclusion, to admit th.it such a ray 
may be subject to other kinds of analysis, or to modification from 
other causes. 

These questions are Gonnecti*d with the mode in which the 
spectrum is actually formed, respecting which we have two hy- 
potheses for examination : 1st, Tlierc may be a great number of 
distinct images of the original luminous point or line, each of a 
definite tint and refraiigibiHty, which by juxtnjmstlton form the 
spectrum. 2nd, There m.iy lie several spectra, each of the same 
colour throughout, but having maxima at different points, which 
by superposiliOH give all the observed tints. All that has been 
hitherto said is equally applicable to each hy]iothesis. We shall 
now mention a class of facts which bear more directly on these 
questions. 
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Absorption of Light. 

94. It lias been already observed that media differ in their 
degree of transparency: and not only is this true as to the 
relative tjuanMy of light which they transmit, but they also 
differ in transmitting more of some particular coloured rays and 
less of others, whilst some are wholly stopped. Numerical esti- 
mates of the powers of different media in this respect may be 
called their indices of transparency y which like their indices of 
refraction will differ both for different media, and for different 
rays in the same medium. This power is also found to vary 
remarkably with the thickness of the medium. The phenomena 
are cosily observed by viewing the prismatic spectrum through 
plates of different transparent media, when it will he found that 
the different parts of the spectrum will be very unequally trans- 
mitted ; and in certain cases different portions will be entirely _ 
wanting. The various common coloured glasses, and coloured 
liquids contained between two ]>lates of colourless gloss, give a 
variety of highly curious results. 

The whole effects arc expressed analytically by tlie following 
formula 

If we take as unity the number of rays, or intensity of any one 
colour ill the incident light, and y the number transmitted by a 
given medium, whose thickne^ is t ; then, if c c, c„ &c. be the 
nur^r of equally illuminating rays of red, yellow, &c., we shall 
have for the incident white light, 

' + <■/ t + &c. 

Then the transmitted light through a thickness /, will be ex- 
pressed by the formula 
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+ p/y/' + (lOR) 

in which each term expresses the intensity of each primary ray 
transmitted. 

Here it is evidentj that as i is increased, since if is a quantity 
less than unity, the quantity of that ray transmitted will diminish 
in geometrical progression as t increases in arithmetical. 

This formula explains the change of tint in white light, after 
transmission through different tliichnesscs of u given medium, as 
well as in the prismatic spectrum. If for any ray if be a small 
quantity, a small increase in / will give an almost total inter- 
ception. 

9tj. Sir J. ITorschel, to whom this formula is due, has also 
employed a method of illustration hy means of loci, which repre- 
sent the intensities at different points. Assuming rectangular 
axes, a straight line parallel to X, at an ordinate =: 1, represents 
the intensity for a perfectly unabsorptive medium, the abscissiu 
being the indices of refraction for the different rays of the spec- 
trum . ordinates proportional to the values y y^ y^^ &c. will give 
a curve expressing the intensities of the transmitted rays, or 
‘'type” of the spectrum, for a given thickness of a given mcdiuin. 
The dark lines in the spectrum are considered, by the same phi- 
losopher, to be analogous to the d.irk intervals thus oceurriiig 
when any particular ray is intercejited ; and which must in this 
case be stopped in their pass.ige through some medium dAlcrior 
to our atmtisphere ; probably the atmosphere of the sun. 

The spectra formed by different coloured lights, as flames, &c. 
may be represented by such carves. 

Opaque substances reduced to « great degree of tenuity, be- 
come partially transparent: gold leaf transmits a bluish-green 
light. Substances in one form opaque, may, by a different mode 
of aggregation, or by chemical combination become transparent ; 
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as carbon and diamond^ Ac. Many substanceb appear of a totally 
different culonr by reflected and by transmitted light. Heat is 
found to diminish the ubsorptivt! power in some ciises, and to in- 
crease it in others. Some coloured medioj not only alter the in- 
tensity of particular rays^ but change the colour of the different 
spaces in the spectrum. 

9G. By means of the absor])tive powers of different media for 
the different rays. Sir D. Brewster has applied a new species of 
analysis to the prismatic spectrum; and has hence deduced a 
theory of its constitution, of the same nature as the second of the 
hypotheses before stated (Art. fXl). 

He has found that certain media exhibit i ed rays in the blue 
and indigo spaces, and therefore infers their existence in the 
green, whicli is composed of blue and yellow : they also exist in 
the violet, which is a compound of blue and red. 

Yellow is shewn in the red b|)acc by several media it exists 
evidently in the orange and green : and other media shew it in 
the blue, no absolute proof, however, appears of its existence 
in the violet space, but here the light is much too faint to allow 
of any conclusion of an opposite kind. 

Blue light is shewn to exist in the red space by the media 
which give this part a yellow tint, that is, absorb blue from it. 
It consequently exists in the orange, which contains red . in the 
green which is composed of blue and yellow , and evidently in 
the.#«v'^.l. 

Again, by the action of various media, the same philosopher 
bos succeeded in transmitting while light at almost all parts of 
the spectrum ; that is, in absorbing the excess of those particular 
rays which predominate, and shelving therefore that there re- 
mains a certain proportion of each to form white. Hence he 
infers that the apeclrum consitfs of three separate spectra of red, 
yellow, and blue l^ht, extending the whole length, but each 
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having a tnaxiniuin of intcTmiy at a different point. These by 
their superposUion give rise to all the observed colours [[Ecliub. 
Journ. of SciencOj No. Xj p. 197.3 


Double Jitfracilon. 

97- We have hitherto considered a ray of light on entering a 
transparent medium as subjected to one simple and general law 
of refraction. There arc, however, numerous Ctises where, in ad- 
dition to this, another effect is produced : the ray on its entrance 
into the medium being divided into hvo portions, one of which 
follows the ordinary law, whilst the other undergoes a separate 
refraction acconling to* a diderent law The substances in whicli 
this takes place are those possessing a crystalline structure, and 
such as belong to certain crystallographic classes. The property 
is developed in different substances in very different degrees ; in 
some, as in the fiuniliar instance of the Iceland crystal, or rhom- 
boidul carbonate of lime, it is very conspicuous; and is observed by 
placing a dot or a pinhole against one surface, which seen through 
the crystal appears double . in others the separation of the two 
images is so small that it cannot be rendered perceptible except 
by indirect methods. The subject of double refraction is one 
which is intimately connected with a new class of the properties 
of light : we shall, however, for the present consider it simply in 
regard to the directions taken by the two ra)S into whicn thc*in- 
cident ray is separated, and the evperimental laws which regulate 
their positions. 

For the sake of illustration we will suppose the c.ise of the 
Iceland crystal just mentioned This substance occurs in rhom- 
hoidal masses, and is always reducible by natural cleavage into 
exact rhomboids, having each of their faces equal and similar 
rhombs. These arc the forms of the ultimate molecules into 
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which the moss can be separated by continued subdivision ; in 
every one of these rhomboids the short diagonal is called the 
optical axis. Similarly in other doubly refracting crystals, other 
lines, in certain positions, according to the primitive form of the 
crystal, are the optical axes. 

98. The observed iiicts are as follows : In the first place, if we 
conceive a ray to traverse the crystal along the axis, no double 
image is formed ; the ray undergoes only the ordinary refraction, 
tvith a certain value of tn, which may bo determined os in ordinary 
cases ; or, in other vrords, the ordinary and extraordinary rays 
(as they are termed) coincide when the incidence is such that the 
ordinary ray is refracted in the direction of the axis. 

A plane passing through the axis is called a principal section ; 
and if a ray be incident so that the ordinary refraction take place 
in the plane of a principal seciiouj then for all incidences the 
ordinary ray having its constant index of refraction mo the extra- 
ordinary ray will also be in ike same plane, though with an 
index in« which vanes according to its position. 

If the ordinary refraction be in a plane pcrpcndiculat to the 
axis, the extraordinary my will also in tins case be in the same 
plane, and the value of Wq remaining of course constant, that of 
mt will also be constant : and this particular value, which we 
will distinguish by brackets (»<«}, is found to be its maximum 
value in this crystal : in general it will be a maximum or a mi- 
ninRLm*dccording to the nature of the crystal. 

99. In general, the position of the incident ray being deter- 
mined by the angle and the azimuth w, or inclination of the 
plane of incidence to the principal section ; iii all cases the ray o 
has the same azimuth -ar, and an angle of refraction agreeably 
to the ordinary law : whilst the ray c is found to have a variable 
value of Vf as well as of if>^, that is, of m,, which can be expressed 
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only by a complex lan^ This law Avaa fully investigated by 
Huyghens ; and from itj in order to represent the position as- 
sumed in general by the extraordinary ray, he deduced the fol- 
lowing geometrical method. 

If we conceive a spheroid having its axis of revolution coinci- 
dent with the axis of the crystal, and its semiaxes a, b, in tlie 
ratio of the ordinary index and the maximum or minimum exlrii- 
ordinary tudex, or such that we have, 

« _ _»lo 

b ~ (tUg) 

this will be > or < 1, according to the nature of the crystal , 
and a being the axis of revolution, the spheroid will be prolate 
or oblate accordingly and for the better conception of the ease, 
if we imagine the point of incidence on any surfoce of the crystal 
taken as the centre of the spheroid, then the position of the ray 
e will always coincide with a radius of the spheioid, determined 
by the following construction : from the point of incidence, in the 
ray u produced, take a distance k, which shall be the value of 
unity in the same scale as that in which the values of m are 
measured. A perpendicular from the extremity of k (in the 
plane of incidence), will give a point in the surface, through which 
let a line I be drawn in the surface at right angles to the projec- 
tion of « upon the surface. If a plane be conceived to revolve 
about I as an axis till it touch the spheroid, its point of contact 
will be the point to which the radius p is to be drawn, in order 
that it may represent the extraordinary refracted ray * 

100. The radius f forming an angle 9 with the axis, we shall 
have, by the nature of the solid, 



^ >/6-8in.®® + ft* cos.® 9 

Huyghens found that in all cases the value of m, could be ev- 

R 
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pressed by the reciprocal of this quantity ; which is easily put 
into the form, 

’"• = 7 = + {^ - 

Tho sign of the second term being + or — according to the 
valued of a and b, or the nature of the crystals, which are thus 
distinguished into two species, called from this circumstance 
crystals with posUtve or negative axes respectively. 

101. The geometrical construction for the cxtnxordinary ray 
might he translated into analytical language, but the formula is 
somewhat complex : it has however been given by Alalus in his 
Theorie de Double Refraction ; and it is necessary in order to 
compare the experimental law with the result of theory. 

Malus found by very careful determinations in the case of car- 
bonate of lime, 

mo = 1.654.') (»;,) = 1.4833 

Whence in the construction of the spheroid and the extraordinary 
ray, 

A = 1 6 = i- = 0.60449 « = = 0.67417 

m„ (wij 

Here we have b <. a, consequently the sign of the second 
term, under the radical sign in the expression (109) becomes 
nSgattV'e ; or the crystal of carbonate of lime belongs to the ne- 
gative class: to which are also found to belong tourmaline, 
beryl, emerald, apatite, &c. 

Of those which belong to the positive class, we may mention 
as examples, quartz, ice, zircon, &c. 

102. A very large class of crystals has been also found to pos- 
sess two axes of double refraction, and the law becomes more 
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complex. Thef have been examined by Sir D. Brewster : and 
M. Fresnel has discovered, that in this case neither of the rays 
is, properly speaking, an ordinary ray; both being subject to 
variations in their values of m according to the position of inci- 
dence : he has given a complete mathematical investigation of 
the theory. But for a full account of this as well as the former 
theory, the student must refer to Ilerschel on Light, Art. 779 et 
seq., and 997 et seq. 


lutorfercticps of Ligid. 

103. If we conceive two pencils diverging from single ]K>ints 
near each other, it is evident that each of the rays of one pencil 
will cross each of the other at some point in its course ; and that 
if at any distance we receive the light on a screen, it will consist of 
a central portion formed of the joint light of the two pencils, to- 
gether with an external portion oi each single pencil. According 
to ordinary suppositions we might expect that this central part 
would consist of uniform light of double the intensity of either of 
the pencils singly. Such, however, is not the case : for when the 
divergence is small, or the two luminous points subtend a very 
small angular interval at the distance at which we view them, it 
is found that the central space is* lutintious at the exact central 
ptniil ; but at equal distances on each side shenfis idternale 
spares oj light and of total darkness. This takes place when- 
ever the above-meutioiicd very simple conditions are fulfilled ; 
and it is quite inditferent by what means this is accomplished. 
It may bo done in several differevt ways, but since in all the 
clFect is precisely the same, this will shew that the result is in- 
dependent of the particular means employed, and depemls en- 
tirely on some principle or affection of the light itself; and of 
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the mntuol action, as it were, of the rays one upon another. 
To give a more distinct notion, before reasoning upon the mode in 
which the effect is produced, we will mention the simplest mc> 
thods by which the experiment is tried. Light diverging from a 
single point is obtained by tbro^ving the sun's rays into a dark- 
ened room by means of a plane inclined mirror outside the 
shutter, through a minute aperture; or still better, through a small 
lens of short focus, when the rays cross almost at a single point, 
and thus give a diverging beam. If now, at a distance of several 
feet, we place flat on a table two small pieces of glass of exactly 
the same thickness (halves of the same piece) close together, and 
in a line from the point of light, and look at the image of the 
luminous point reflected from them, it mil almost always happen, 
owing to the inequalities of the surface of the table, that they 
will not be precisely in the same plane, and wc shall see ttvo 
images, this may at alt events be obtained by slightly pressing 
one of them, or placing a slip of paper under its edge We have 
thus imo petwih dirergtng as tffrmn the ttvo images, with a very 
small angular separation , this is easily increased or diminished 
at pleasure by altering the pressure, or slip of paper. If we now 
look at the double image through a small eye lens, at about six 
inches distance, it becomes easy to adjust the glasses till at the 
part where the two pencils cross we perceive, with the aid of the 
lens, a beautiful and clearly defined set of alternating black and 
bright stripes, whi^are always parallel to tlic intersection of 
the plap^~ ''f the reflecting surfaces. 

Precisely the same effect tn^ bp produced, if instead of re- 
flexion from two planes, we use the same diveiging beam trans- 
mitted through a glass having one side plane and the other cut 
into two planes, inclined at an, extremely large angle ; or, in other 
words, an extremely obtuse prism : by this means we have two 
images of the original point by refraction, from which with a very 
small angle of separation diverging beams originate and cross; 
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and by an ejfl lens at a few inches distance, as before, we see the 
same set of stripes occupying the central part uf the mixed light. 

104. If we proceed to examine more precisely the laws of the 
phenomenon, it will appear in the first place, that the stripes be- 
come closer and extend over a smaller space as the eye approaches 
the reflectors or the prism. Again, they become doser^as the 
inclination of the mirrors or refracting planes, that is, of the two 
crossing pencils, is increased ; and if this be increased beyond a 
very small angle, they become too narrow to be perceptible. 

If we consider the paths of the crossing rays it will be evident 
that the bright stripe which is the centre at all distances occurs 
at a point where two rays cross, whose lengths from the two 
luminous points arc precisely the other bright points on 

each side are those at which two rays cross of unequal lengths : 
imd at endi such point the difference of length of the two crossing 
rays will be successively greater as that point is more distant 
from the centre. If now the two pencils were, each, at the mirror 
or prism, separated into a certain definite number of rays, with 
dark intervals, the crossing of these might be imagined to give 
rise to the appearance observed ; but we know by direct observa- 
tion that each ray separately is not thus divided ; and therefore 
rays of light approach and cross at the dark points just tlie same 
as at the bright points, but with difference of length exactly in- 
termediate to those of the rays giving the bright points. Hence 
it is the unavoidable conclusion, that any ray dwtde I ^nlong^ts 
length into intervals equal to these differences, must at the al- 
ternate points be somehow in a different state, such that tf treo 
rays cross at points where they arc in the samb condition, they 
conspire to form a biught yioint^ and if in different condi- 
tions, they neutralise and destroy each other, and leave a point of 
DARKNESS. The existence, then, of such intervals along the 
length of a ray of light is established as an experimental fact cn- 
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tirely independent of any theory: the phenomenon^ising from 
the crossing of the rays in the way thus explained, is appropri> 
ately called the iMTEBfBRKNCE of light. 

There are numerous other cases in which similar effects are 
observed: but these experiments are the most direct and une- 
quivocal ; and will further supply the means of measunug the 
lengths, of the intervals. 

105. The principle on which this is done is sufficiently obvious. 
The distances from each other at which the stripes occur arc such 
as are susceptible of measurement by a micrometer to any degree 
of accuracy: the angular separation of the two images may also be 
subjected to direct measurement. And supposing (as is the case) 
that this angle is small, and that only small portions of the diverg- 
ing pencils ore concerned, the concentric circular arcs in which 
the corresponding inteivals on all the rays in each diverging 
pencil would lie, may be considered as straight lines at right 
angles to the rays : and we shall thus have two sets of parallel 
straight lines crossing at the same small angle, which we will call 
2 4' I then if c be the observed distance between two bright 
stripes, and X the interval along the nay between two points 
where the light is in the same comlilion, and which we will call 
similar points, we shall evidently have the relation between them 
expressed by 

« X = 2 c tan. 4' 

That a ray of light is constituted so as to ]>osscss cei lain diff'ei - 
ent afetlions at these intervals along its length, iiiiiy therefore be 
taken as a /i ue cause to explain numerous other phenomena, to 
which we shall find it most easily apply. The fact, os well as 
the whole physical theory with uhich it is connected, button 
which we forbear to enter as foreign to our immediate design, 
was first established by Dr. Young, and has since been success- 
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fully applied in explaining the moett recondite phenomena hy 
M. Fresnel and Professor Airy. 

106. We have here supposed the c:ise of two sets of rays 
coming from origins at equal, and great distances, so that the 
portions of concentric circles marking the corresponding intervals 
upon the diverging rays of the same pencil, might be Itiken us 
sensibly parallel straight lines. If we su]ipose the distances less, 
we could not in this way find the value of X ; though the inter- 
vals c would still be equal. If to the last supposition we add 
that of unequal distances to the origins, we might still have a 
similar construction of arcs intenaictiiig ; but the values of c 
would be unequal. In the former cases also, if we take any 
series of the points of intersection, they will lie in diverging 
straight lines , or, if the origins be very distant, these lines will 
lie nearly parallel ; and the light received on a screen, or the eye, 
at successive distances, will give the dark and bright stripes at 
equal distances along the screen, which will contract gradually 
and uniformly as we approach tlie source If we suppose the 
origins at unequal distances, the construction would give strijies 
not only at unequal intervals along the screen, but those inter- 
vals varying napidly os we approach the origin. If we consider 
any one set of consecutive points. It will be evident in this case, 
upon the simplest geometrical principles, that as they are the 
intersections of two radii originally differing by a given quantity, 
and constantly increasing by equal increments, tlicir locus wilJ.be 
an hi/perbola, of which the two origins are the foci : and if one 
be infinitely remote the hyperbola will approach to a parabola. 
Wc shall presently recur to this cose. 

• 

167* The existence of similar and dissimilar points at given 
equal intervals along a ray being established as an experimental 
fact, we may observe as a consequence from it, that if we con- 
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ceive two rays superposed throughout their course, or coinciding 
in direction, if owing to any cause they have similar points of 
each coinciding, they will produce an impression of double in- 
tensity ; but if dissimilar points coincide, the effect of each will 
be wholly neutralised, and darkness will result. If intermediate 
points coincide, a more or less faint light will be produced. 

108. Other methods of determining the values of X have been 

deduced from different experiments ; and in point of fact these 
have been more usually resorted to : the values .are found to diffei 
for the different primary rays; and the following tabic gives 
the result of some very accurate measurements for the mean and 
extreme rays . ' 

Red X = 0 0000266 inch. 

Yellow 0.0000227 

Violet 0.0000167 

This circumstance limits the extent within which the stripes are 
formed in the experiments before described, when common light 
is employed. If homogeneous hght, red for example, were made 
use of, we should have a series of stripes whose intervals are 
given by the preceding formula:, extending through tlie whole 
mixed light. Yellow and violet would have intervals successively 
less: and these being superposed to produce the actual pheno- 
mena in white light, the distances will coincide only near the 
cej^tral part^ojid becoming more and more different towards the 
edges, the stripes will gradually cease to be distinctly formed, 
will become coloured, and beyond a short distance none will be 
seen. 

*• 

« 

109. We have supposed the interference to take place in air : 
in any denser medium it is foundP'that the stripes are closer; or, 
in other words, the values of x becomes less : that is, we must 
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regard tlie recurrence of these intervals along the ray of light as 
inodihed hy the medium through which it is propngnted they 
hecome shot let in the more refrnctivej or deii«-er medium * and 
this, as IS found by very accurate uhservations, precisely in pi o- 
jiOtlioH to the nj'ffitlivf jmirer. This will be readily appre- 
hended and will prepare the student fur another result which 
may be less obvious 

J 10. If in the path of one of the interfering pencils an opaque 
■substance be placed, th.it pencil is of course stopped, and the 
stTi])es disappisir tins aliords an o1)\ lous proul that the eftect is 
duo to the ninlunl action of both the peiiciU But it is a more 
rennarkahle fact that if a phitt* of ghiss or aiij ttnnupitn'nl sub- 
stance (of moderate thicknosh) be similar!) niterposiMl, the ipc* 
hkeirme disappear. It botli jiencils, liouever, are similarly in- 
tercejited hy the ghass, the stripes remain. If the trniispurent 
plate be rn if thin, the stripes appear , lint the whole liudy of 
them is shifted within the Inmndanes of the luminous space, to- 
wards that side on which the interception takes jilace. If the 
t« o pencils .ire intcrtepted hj glasses of precisely the banie thick- 
ness, and a slight inclination ht' given to one of them, so that it 
presents a slightly greater thickness, the stripes c.'in be made to 
shift towards that side, in proportion a.s the thickness is in- 
creased, and at length move entirely out of the bright space, and 
thus disitp]ie<'ir 

If different transparent substances be interposeii, it has b'^n 
folind that the degrw* of shifting iiicrco jcj m ith the rrjiadivc 
power of the body (the thickness being the same) ; and M. Arago 
has found hy very accurate cxpiTimcnts, that it is prectsehf pro- 
poitional to it, and has even applied measurements of the dis- 
placement occasioned by different media to deduce their refrac- 
tive powers. Now, in accordance with what svas stated above, it 
appears that in this case the lengths of the intervals in that part 
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of the ray within the glass are shortened, or there are more in a 
given length. 

It is also to he observed, that when the stripes are thus shifted, 
the lengths of route of two rays going to form any one stnpe (as 
the central stripe, for example, or the first, second, &c. from the 
centre), are no longer the same as before : their difference is ne- 
cessarily increased by the new position the stripes have assumed. 
In other words, since by the plane iiarallel surfaces of the glass 
the rays undergo no deviation, the same two rays which before 
formed any one stripe do not now interfere at all at the same dis- 
tance ; but that one of them which has passed through the glass 
interferes with another ray of the non-interceptcd pencil which 
lies more towards that aide on whicli the glass is, that is, with a 
ray which is more oblique, or has a longer route from the origin 
to the point of intersection : whilst at the same time the shorter 
ray has a greater number of intervals in proportion to the thick-* 
ness of the glass it has passed through. And this iiicrease in the 
number of intervals in the one ray, by its transmission, is found 
to be exactly equal to that in the other, owing to increased 
length of route. This is strikingly shewn by the following ex- 
periment. 

111. If a prism with a small angle (4<’ or .5”) be interposed 
over botli pencils, the whole bright sfxice is of course deviated 
by the prismatic refraction, but the stripes retain the same rela- 
tiv^position (ciicept a trifling extension towards the violet eiul 
of the spectrum, and a slight degree of colour obviously dde 
simply to pijsmatic refraction). Abstracting from this, they 
have undergone no shijlmg ; and yet the two rays forming any 
one stripe, have passed through. very different thicknesses of the 
prism : but it may also be observed from the course of the re- 
fracted rays, that the ray which passes the thinner part of tho 
prism has gone through a longer route before it meets the other. 
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Now let the angle of the prism = *, and we may consider the 
two rays incident upon it in directions nearly perpendicular, 
since 2 if' is by supposition very small : hence their paths within 
the prism will be still more nearly perpendicular to the first sur> 
£ice : at their emergence let them be distant from eacli other by 
a space b measured on the second surface : then we shall have 
the difference of their routes within the prtsui very nevly ex- 
pressed by 

d zx b sin. < 

If we trace the course of one of the rays through its several re- 
fractions, we shall cosily perceive that owing to the conditions 
assumed, we have very iieiirly 

*#»// = ‘ 

and thence sin. = ni sin. » 

From the smallness of the angle 2 if/, we may take the difference 
of the lengths if the rai/i after emergence till they meet, by 
dropping a perpendicular on the longer, and thus we shall easily 
deduce the value of that ibffercnce 

= b m sin. t 

But on comparing this with the difference wUhin the prism, wc 
obviously have 

df = »i d 

Or the differences of the lengths of route oj the two rays which 
meet to Jonn any given stripe, aie in the talto of the refractive 
powers of the prism and the au. 

In this case the ivhole difference in the lengths of route of the 
two rays ivill be 

d^ — d = d(m — 1) 

Or in general, returning to the case of any parallel intercepting 
medium of thickness I, we shall have 
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tl = t (»* — 1 ) 

And substituting this difference for the particular multiple of >v 
which expresses the difference of routes of two rn>s forming any 
given stripe in the formula (110), we shall have the displacement 
of that stripe from the expression 

. , cot. tl' 

' ( — / (m — l) 2 - 

Whence follous, as a general cxperiincntal f.ict, that if two 
rays are so situated that tliej interfere and form any given stripe, 
with a given difference of route, according to the foregoing con- 
ditions, then two other rays will form the saiMH stripe, though 
with a much greater difference of route as measured by the length 
traversed, provided the shorter ray pass through a denser me- 
dium of such thickness and refractive power, that if the length 
be increased in the ratio of the refractive ])ower and thickness, 
the dilference of route shall remain the same us at hrst. Or, in 
other words, two rajs will iurm the same stripe when their dit- 
ference of routes us measured by the nnmbir of tiiletrals is the 
same as before. 

This fact of mure intervals occurring in tlic same space in the 
passage of light throiigli a medium precisely in ];ru])ortion to its 
refractive ]iower, is called the telaidalwn of the intervals. As 
we shall have occasion to use this term, it must he carefully 
borne in mind that we attach no other meaning to it than what 
is implied in dehmtiuii 


Diveigcnce of Light. 

112. Uefore proceeding to d^iscuss several other phenomena 
dependent on the ])riuciplc of interferences, it will be necessary 
to mention a \t:ry simple but important property of light, which 
has not yet been adverted to. 
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When, by the means already described, we have a pencil di- 
verging from a single point, it is found tli.it if .iiiy purtuni of tliis 
pencil be intercepted, or it be any how ciiuted to tcnnin.itc, or .1 
boundary be formed between parts more and less bright, the por- 
tion on the brighter side of the boundary has .ilwajs a ivntloii ij 
to (liccrgc anciv from that houndary ax a f'icsh ofigoi. This is 
found to take place on examining cither the shadows of iT)).ir|iie 
bodies jiljccd in the diverging pencil, or the portion of this pencil 
transmitted through an aperture 111 a screen, or a s]iacc of double 
light, as in the last experiments : jii either case it is found eitliei 
by receiving the light on a ground ghiss screen simply, or more 
accurately, by examining it with an eye lens, that ihr /i^ht di- 
I'erges into the shadow beyond the ]iositiou 111 which it ought to 
he confined, if it proceeded strictly in a rectilinear conisc past 
the edge or boumhiry The appearances arc, in point of fact, 
complicated by other phenomena, which we shall describe pre- 
sently . but the sniiplc fact I'F this new divngetirr is one winch 
IS matter of distinct iiieasurcmcnt and ohsurvation It is a 1 cal 
rxcepliOH to the primary law of the tCLfilnii’nt propagation of 
light : which must alwaj s he understood as limited by this ex- 
ception, All our prei ious investigations ai e indeed grounded on 
the truth of this l.iw. Rut since it is 011I} a pitrlion of tlie light 
which is thus modified, and this not rendered perceptible except 
under peculiar circuiiibtances, nunc of those results will lie in- 
validated by this coiisideratioii. The .siuijile fact is best esta- 
blished by the method of ^laraldi,vvlu>ol)servcd th.li, the shadows 
of cylinders terminated at a shorter distance from the origin than 
they should do, on the supposition of rectilinear rays 

Coloured Fringes of Hi/tadows and jdpcrtuics. 

113 . We before stated that a series of stripes will he formed 
when two diverging pencils cross at .1 sinall angle, b\' whale ret 
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tneauf such a condition is brought about : now, besides tbe di- 
rect methods already described, this may be effected by admitting 
the light (originally diverging from a single point as before) 
through two minute apertures near together. From each of these, 
agreeably to Avhat has just been stated, the light diveiges anew, 
and in the mixed light of the two pencils, dark and bright stripes 
are observed, exactly us in the former cases, though less brilliant 
and distinct. They extend to a short distance both ways, in a 
direction perpendicular to the line joining the apertures. 

If the apertures be larger, so long as the intervening opaque 
space remains the same, the stripes remain unaltered. If they 
be indefinitely increased, so tliat merely an opaque body remains, 
tbe stripes are unchanged, and extend parallel to the length of 
the body. If it be cut into the form of a small circle (the edge 
being exlremely well defined) concentric arcles are produced, 
and the centre is a bright spot. As the diameter of the opaque 
body is greater (its distance from tlie origin and from the eye re- 
maining the some), the stripes increase in number and decrease 
in breadth : beyond a certain diameter they become too numerous 
and fine to be distinguished. If the breadth be diminished, they 
decrease in number and increase in breadth. With a very 
narrow body there is only one central white stripe. If the dis- 
tance of the body from the origin be diminished (the eye re- 
maining at the same distance from the body), it merely intercepts 
rays diverging at a greater angle, and acts as a broader body 
would do at-dts original distance. If this distance remain, but 
the eye be nearer to the body, it merely receives rays crossing at 
a greater angle, and the effect is the same as if it were placed at 
the original distance from a broader body. Thus in all cases the 
appearance of the stripes depr’nds simply on the angle subtended 
by the opaque body at the origin and at the eye jointly. The 
experiment is most simply tried by a slip of metal or card, which 
can be turned about an axis in its own plane, so as to present 
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any effective breadth^ on a stand wbicli can be slid along a table 
to various distances. If it be cut in a triangular form, it exhi- 
bits at once the variation in the stripes due lo different breadtlis: 
and this is more remarkable when the vertical angle is consi- 
derable. 

114. But the effect in all these cases is accompanied byjOtliers 
apparently more complex^ though equally dependent on the same 
simple principles. 

If we regard merely one edge of the opaque bodyj it will be 
seen that on the mitsule of it there are several parallel bands of 
colours, usually three can be distinguished^ at successively de- 
creasing distances from each other. In homogeneous light these 
consist of alternate bright and dark stripes^ and by superiiosition 
of such alternations of different breadths, for the different colours, 
the observed tints are accounted for. These bands follow the 
course of the sides of the body, and .it aii angle cut into the body 
assume a more complex appearance from overlapping : whilst at 
pnf/etittig angles they are carved round it. They do not belong 
exclusively to the edges of the shadows of opaque bodies, but are 
produced in a diverging pencil wherever there is a bomidary, 
any how produced, between a more and a less illuminated space 
Thus we see them within the edges of the doubly illuminated 
space in the experiment of Art. 103. When the edges of two 
opaque bodies approach, those bands overlap, are partially su- 
perposed, and give rise to a beautiful variety of tin^«, according to 
the degree of proximity of the edges extending into the shadun's : 
or, in other words, we have the case of apertures of different dia- 
meters; if rectilinear they are beautifully striped ; if of irregular 
shapes a singular complexity of cqlours is produced ; if circular, 
concentric rings are formed : all these varying with the distance , 
the narrower the aperture the more the two sets of colours over- 
lap, and therefore the wider are the apparent fringes of colours 
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This is strikingly seen in a naiTow triangular aperture, where 
the colniireil image assumes almost a reversed furni. But all the 
varieties of form, especially thi^e arising from apertures near 
together, , must be seen to be understood ; and we shall not 
pursue detailed descriptions. 

1 liV 111 order to proceed to an accurate ewiniiiiation of the 
simple case of the fringes formed at an edge, (from which all 
other eases may he derived,) we will suppose a narrow body 
]>laced \ erticall} , and a horizontal line drawn to the centre of its 
breadth in which the e^e is situated, and which we will call the 
axis 

The first ])nint to he noticed is, that the bright bands com- 
mence together upon the veiy edge, and that if the screen or eye 
be removed to successive small distances from the body along the 
axis, It IS found that the lateral distance from the axis to any 
bright band, increases f.ister than iii simple proportion to the 
distance along the axis . so that the locus of the successive posi- 
tions would be a curve resembling one branch of an hyperbola 
Also the edge of the shadow is altogi'ther undefined, the light 
shading off gradually into the dark space, in the central part of 
which the internal stripes are funned, as before described 

The lateral distances of the bright points from the axis, or a 
parallel to it piLssiiig through the edge, have Iiecii subjected to 
most exact measurement by JM. Fresnel, for homogeneous light ; 
and have becu found to agree in a singularly precise manner with 
the numerical results of a formula exjiressiiig the distances of 
those maxima, as well ns their intensities, (arising from the con- 
spiring or counteracting effects of the concurrence of stmilai oi 
iltsstmilar tnleivals of the same values as those before stated,) 
deduced from the physical theory of those forces or motions by 
which the similar and dissimilar jioints are explained. The ex- 
planation of the mode in which the interferences take place in 
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this instance depends simply on the fact before stated, that n/ 
thv edge a new origin of divergence i« giren to rays which pass 
close to it, while the rest of the pencil passes near it unaltered 

Thus, in the first place, the diffused rajs diverging into the 
shadow render it ill defined towards its edge 2nd. For the in- 
terferences wc shall have just the case before referred to, (Art 
106), of diverging pencils from origins at unequal dislaiices 
Rays of the more divergent pencil meeting those of the less d’- 
vergent, will eiicuuntcr them bitccessively n’lth lengths of route 
differing by successive intervals or multiples of sucli intervals .is 
in tliu case before considered these u ill evidently occur at dis- 
tances from each other dccrcasing.oMfA'ordv from the axis, .ind Ub 
wc proceed onwards along the axis the locus of the intersections 
will be the hyperbola before spoken of The alternate stripes 1 1 
homogeneous light thus produced will, by supcrpositinn, give the 
colours actually seen 

These pheiiomeu.i were originally called the iiiJle.rion or dij~ 
fi action of light. Tins was naturally, and as far as was then 
known, correctly supposed to lie a disttnct property of light, de- 
pending upon some peculiar action wdiich the edge of a body ex- 
ercised on rajs passing near it, until it was shewn to be ex- 
plained by the general farts of the interferences, and the forma- 
tion of a new origin of divergence at the edge. 

Some of the phenomena were observed by Hooke and Grimaldi. 
The external fringes were exatnined with great precision by 
Newton, who framed a theory of the sort of action necessary ^ 
be supposed to produce them. Dr. Young suggested the apjili- 
cation of the principle of interference ’ but the explanation vvus 
not complete until Fresnel gave the full investigation of it in Ins 
Memoire snr la Diffraction de la Lumiire. If these experiments 
be conducted in any other medium than air it is found exactly us 
before explained, that the intervals diminiidi in proportion as the 
lefractive power increases. 

T 
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Colours of thin. Plates. 

116. One uf the most cclehrated phenomena in optics is that 
known hy the name of Ncivton's coloured rings^ or the coloins of 
thm plates. It may he exhibited tinder various forms : one of 
the most simple and common Is that of the thin films of water 
formed by blowing soap bubbles , which when brought to a cer- 
tain degree of tenuity, are seen to exhibit beautiful colours by re- 
flected light ; that is, at a certain thickness the film of water is 
incapable of reflecting to the eye all the rays of the white light 
jiicideiit upon it, and will give ouly a particiiltr tint; which 
varies according to the thickness ; and in no case consists of any 
simple prismatic colour. 

If we use homogeneous light it is found that as the thickness 
is gradually and continually diminished, the film njipcars alter- 
nately bright and black, and beyond a certain tenuity continues 
black 

If we receive the U ansimtted light this is always found exactly 
the reverse; bright when the film by reflexion appears black, 
and black when it is bright this is the simplest mode of stating 
the phenomenon. When comjMiund light is used the reflected and 
transmitted tint« at u given thickness ore complcmcntarjj, or such 
as together would make white. Tliere are several other ways in 
Avhich the phenomenon is seen ' a very small diop of oil placed 
on a surface of water will spread itself over the surface till it is 
reduced to such tenuity as to shew the colours or again, the 
lamina of air contained between two plates of glass, when pressed 
hard togi'ther, will produce tha same effect in a more stationary 
form : if we use a convex lens of small curvature placed upon a 
plane glass, or still better upon a concave lens of a radius slightly 
greater, the colours will appear arranged in the form of exact 
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rings about a central spot ; which, if the pressure be sufliciuiit, 
will be totally black . this forms the limit beyond which no di- 
minution of thickness will produce any other lint If avc look at 
the light through such a combination, wo sec a central while spot 
surrounded by rings complementary to the former It was in 
this way that the facts were examined by Newton, who first in- 
vestigated them with accuracy, though they had been observed 
by Boyle and Ilookc. 

Ill this form of the experiment it is easy to understand the 
comiiusition of the tints observed We have only to conceive 
concentric circles of each of the primitive colours alternately dark 
and bright, the intervals being greatest in the red r.ivs , and the 
first, or central circle in all being black * these being siijicrposed 
will explain all the observed comjionnd tints These resulting 
tints or orders of colours arc commonly called Jsiwltms Stall, 
and arc ns follows . 

1st order. — Black, very faint blue, brilliant white, yellow, 
orange, red 

2nd. Dark violet, blue, yellow-green, bright yellow, criiiisoii, 
red 

!lrd Purple, blue, rich green, fine yelloiv, ])ink, crimson 

1th. Dull blue-green, pale yellow-pink, red 

.Itli. Pule blue-green, white, pink 

(ith Pale blue-green, pale pink. 

7th The same, very faint The leniaiiiiiig orders are so faint 
as not to be distinguishable 

117 It IS of importance to the explanation of the jihcnnineiinn 
to ascertain the ihicAncsws at which the several tints or the 
several points of maximum and minimum occur ' this is readily 
done to a great degree of accuracy when we use this form of the 
expcriincnt. This was in fact the iiicthod pursued by New ton 
He funned the rings between two spherical surfaces of great radius, 
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oue convex and the other concave; and found the diameteraof the 
darkest rings to be as the square roots of the even numbers 0, 2, 
4, Cj Sic. ; and those of the brightest, as the square roots of the 
odd numbers, 1, 3, 5, 7- Tlie radii of curvature being very great 
111 proportion to the diameter of the rings, it follows, that the in- 
tervals between the surfaces, or the values of I at the alternate 
]ioiuts fof greatest obscurity and illumination, are as the natural 
numbers themselves, 0, J , 2, 8, 4, &c Now if the actual values 
of the radii are known, the thickness is easily found fur any one 
point, and deduced by the above jiroportion for any other 

If the diameter of any ring = d, and the radii of the two sphe- 
ricdl surfaces r it is evident that we have a very small arc of 
each sphere with the same chord d, and the ditferencc of their 
versed sines will be the thickness t Now these versed sines 
being written v we shall have by the property of the circle for 
.1 very small value of r. 


r 



And ill like maiitier in the other circle 


M'heiice we have 
t 

In this way Newton found the thickness at the brightest part of 
tiie first ring after the central black spot t = . 00000561 inch. : 
this number multiplied in the ratios above, will give the thick- 
noses at the otlier points. 
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118. In proceeding to examine the laws of this phenomenuii 
\yc shall first establish this important circumstance, vi/. i/ntt 
doth the suri' \ces oJ^ the thin lamina are tonicnirfl m prodm niff 
the effect : this is proved by availing ourselves of another pro- 
perty of light of which nothing has yet been said, but which wc 
will now merely assume us an experimental fact heloiiging to a 
part of the subject to be explained hereafter. The fact in fjiies- 
tioii is this When light reflected from n surface of glass is 
viewed through a certain mineral called tournmliiic, in a parti- 
cular direction, at a ccttain inculcuce it appears as if total hj extin- 
guished, or no light is transmitted through the niinoral whereas 
with light reflected from polisluKl metal this is not the utse 

Now if we form the colours lK*twecn tiro glasses, viewing them 
through the tourmaline, wc oliserve them disajipear at the proper 
incidence, if for the lower glass we substitute a surface of ]>o- 
lished metal, and then repe.it the obsenation, we find that they 
disappear exactly as before hence it is an unavoidable conclu- 
sion that the reflexion from the iipjicr surface, wdiich is of glass, 
is concerned in jn oduenig the colours 

Again, if in this lost case we continue to de])rcss the ej c and 
the tourmaline, so os to receive the light at greater oblnpiities 
than that at which the disappearance t.ikes jilace, we see the rings 
reappear , but with this remarkable change, tli.it the centre which 
before was black is iioir white, and the rings compleiiientar) 
When the low'or surface is of gliiss this is not the case I’his 
.idditioiial circiimstuiicc supplies an ecpiully decisive proof that 
the reflexion from the lower surfice is also concerned in jiro- 
ducing the rings 

Tills very simple but important experiment was devised by 
Professor Airy*, his reasoning, in fact, extends much further, but 
this suffices for our present purpose. The student w'ho would 
iollow up the complete theoretical explanation, must refer to the 
original paper in the Cambridge Transactions, lfl.31 
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In the production of the rings seen by reflexion, then, there is in 
some way concerned the light reflected from the lower surface of 
the Liininn, (that is, the upper surface of the lower glass), and also 
that reflected from the upper surface of the lamina of air, (that 
is, the internal reflexion from the lower surface of the upper 
glass). The tnlcrfcrence of these two portions of light is a true 
causo^ and ivill be found suflicient to explain the phenomena. 

11!) To take the simplest view of the case let us supjiose a 
ray incident perpendicularly on the first surface, at a ])art where 
the thickness of the lamina is 1. This ray ivill be partly reflected 
at the first surface ; and tins |)ortion will retrace its former path, 
or coincide with the incident* ray . the remaining portion tra> 
verses the thickness t. At the second surface it is again partly 
reflected, and rejiassing the thickness I, emerges at the first sur- 
face and coincides in position ivitb the first portion. 

The superposition may take place according to any of the con* 
ditions cxjircssed in Art. ]07> as regards the inlet vah. If dissi- 
milar intervals are superposed, a point of darkness will result , 
and in order to produce this, their diirereiicc of route (as mea- 
sured by these intervals) must be equal to ^ or some odd mul- 
tiple of It : the difference actu.illy traversed is 2 f 

But this portion, which after |iassiug 2 / emerges at the first 
surface, also undergoes a partial internal reflexion at that surface, 
and traversing i again emerges below' . or upon the whole emerges 
liaviug a length of route w'ithiii the lamina = 3 / ; or differing 
from that of the ])ortion transmitted directly by 2 1, and conse- 
quently if w'c are to take this ns equal to we ought to have a 
point of darkness, as in the last case 

This, however, is not the fact : for, as was just now stated, 
we always observe by Iranstmssum a Imgkl point at the same 
thickness where by te/lexian we have a tlarA one Hence it is a 
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necessary conclusion tlint^ owing to some cnuscj tliorc must be 
hitif tin mlcrial added la or xublrartcd from the lenfrlh oj >o»le 
at rath inlernul ref exam. 

This will give for the interfering reflected rajs, a diflercnce id 
route expressed by, 

a. + A 

And for the transmitted rays, 

2< + X 

If we proceed to other values of / it will be evident, th,it a*- we 
i<u])poso them equal to successive multiples of ^ ue sh<ill liavo 
for tiic reflected rings tlie even multiples, giving the siicivisive 
values -^X &c or points of darkness ; whilst the odd 

multiplch give X, 2x, 3x, Ac or points of brightness. I'lie 
tMiismitted rings will evidently be complementary, biiice they 

alwais differ from the former by 

It will be manifest on companng the value of I as above given 
from Newton's measurement for the first bright ring, with the 
v.ihiCb of X before stated fur tlie different rays, that this value 
OOOOOsilil inch is exactly equal to that of for the yellow ray, 
or that winch is the most predominant in the conqiosition of tlie 
white ring It was from measurements ot this kind that the 
values of X were originally delerinincd; though Newton de- 
signated them agreeably to the theory whiuh he first framed to 
account for these rings . and in which, since the fact of interfe- 
rences had not then been established, nor the ]oiut action of the 
heo surfaces recognised, lio ivas necessitated to suppose that at 
the dark points no light was reflected, or that at altcriiatc in- 
tervals the light had an incapability of being reflected hence he 
called the intervals JUs of easy transmission and reflexion • and 
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the experiments fairly led to this as a new and peculiar property 
of light, untii it avos shewn to merge in a more general property 

120. It will be apparent from what has been already observed, 
that the ])henoinena arc equally produced of wliatever transparent 
medium the thin plate may consist They are observed if the 
glasses are placed in a vacuuni or if any liquid be allowed to 
insinuate itself between them. Hut the ftrealvi the refractive 
pon'Ci if the mcihuni the hsi tnft he the diameters of the ringv, 
or, in other words, the less will Ik* the thickness corres]ionding to 
the same bright or dark point , the values of X being diniiiiished 
in the same ratio. 

The experiment has been tried by Mr. Talbot, b5" means of 
glass films, formed liy blowing glass hnihs till they burst These 
when exposed to homogeneous light appeared streaked with dis- 
tinct hriglit .iiid dark lines, foilowing the directions in which the 
thickness was the same. These films were estimated to be about 
one thousandth of an inch in thickness, which would correspond 
to the liOtli order of rings In theory there is no limit to the in- 
crease of thickness at which the nlteriiatioiis might not be ])ro- 
duced , hut in ]iractiee such a liinitiitiun is found in the circum- 
stance, that even in perfect!} homogeneous light the lines would 
be too fine and too close to be seen, and that we cannot procure 
strictly homogeneous light 

121 We have thus far considered the case of perpendicular 

w 

incidence ' if we now sup])ose the raj s to be inclined by depressing 
the eye it will be c\]dcnt that the path of any ray after its first 
reflexion will no longer coincide with its course, on emergence 
after the second reflexion T|iis last ray, lion ever, will coincide 
with some other ray reflected from the first surface, whose ]M>int 
of incidence coincides with its point of emergence ; and thus the 
same super|>nsition, and tiie same correspondence or opposition in 
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the intorviils, may take place If t be the oblique leiif^h which 
the ray lia.s traversed between the two surfaces, and if be the 
perpendicular thickness at the point of emcr^rcnce, and </i the 
angle of incidence upon the second surface, we hare, 

/ = /, sec f/i 

Now since at the perpendicular incidence the diameter of any 
•riven ring, or the thickness at which it is formed, dejieiids en- 
tirely on the condition that the nn'ieuu'tit uj the ihn Knew from 
that which gave the preceding ring is preeiscU equal to j of on 
lulei vdl of the homogeiieouK light we lefer to ; and since we 
have seen that t "> follows, that if the iiielinatiuii oi the sur- 
faces be considered uniform, this increment of f is also greater 
than the curres])Oiiding increment of in order, therefore, that 

this increment of may he equal to ~ we must take a jioiiit .it 

a greater distanci' along the surface, or « ring of gt enter dmvietrt , 
to give the mnie lint. This agrees with what \i e observe, vi/ 
that oil dejiressiiig the CjC the rings of the same tint enlarge in 
diameter, or, iii other words, to the same tlnckuc8.s belongs n tint 
htghei in the scale. 

All this niiist he iiiidei stood as ajiplyiiig only to the case of 
model ale obliquities. When the inclinatioii becomes very great. 
It IS found that there is a limit to the dilatation of the rings. 
The cause of this is nut well understood Neuton investigated 
ail empirical formula for the tints iit different obliquities as mo- 
dified by this limitation, hut the subject being somewhat complex 
we shall not here enter upon it. 

The rings produced at thicknesses and obliquities considerably 
greater than those at which, under ordinary circumstances, they 
cease to be distinguishable, may be seen by means of a prism 
laid on a jilaiie glass with scarcely any pressure. On looking 
into It, within the limit of total reflexion from the base (Art. ^2), 


V 
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there appears a series of coloured hiuids formed hy rays, which 
emerging from the prism at the great obliquities very near the 
limit of refraction, are reflected again at the surface of the plane 
glass, and reenter the prism so ns to interfere with some of the 
rays reflected internally from the Kise. The tints, however, arc 
greatly modified by the dis]icrsion of the prism 


('olours behvven nivhnetl iUanM’/t. 

122 If a luminous object be viewed tliroiigh two plates of 
glass of precisely equal thickness slightly inclined to each other, 
it will be evident that besides the transmitted image, we shall 
lee a number of images formed bv' the successive icflexions be- 
tween the glasses accorapnu} iug it. The first or briglitcst of 
these is formed by nii assemblage of rays whieh have all iiiidci - 
gone iu'o reflexions, though nt tUffeiciif pan* of the four surfaces 
On entering the first plate they undergo a partial refiexiou at 
every surface they successively encounter, each of the reflected 
rays again undergoing a similar senes of partial rellevions at each 
siirf.icc. Thus it will be readily evident, that tliese different 
portions into which the ra} lias been separated, must go tbruugli 
lengths of route differing by the leiigtlis of the interval between 
the glasses and the thicknesses of the glasses, or the dilfcrent 
multiples of those winch they have respectively tr.iverscd . they 
Mill therefore tn general emerge after traversing routes M'hicli 
differ by considerable qu.nititics. 

Among these portions, however, there are tu'o which (if M’G 
uhstiact from the very small di/fereiice in the interval hetiveen 
the glasses at the tu'o pointy M'licre they respectively ]).iss) will 
have gone through (hflhent routes of piccticlij equal length. 
These tu o ra\ >- will be, 1st, one Mdiich passes directly througb 
the first plate or thickness t, and tlirougli the intprv.il t, is then 
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reflected at the first surface of the second ])Iate, retraces i, and 
the first plate / , at the first surface it is reflected u^airi, and 
])jsses the whole s^ stem 2 / + i or upon the whole it has gone 
through 4 / + il 1 . 

2iidly. Another portion proceeds directly through the wliolo^ 
nr 2 ^ -r i is reflected at the last surface , retraces I + z, is re- 
flected at the second surface of the first glass, and retracing e + I 
emerges, after having on the \iholc passed through 4 / + 3 / ; or 
a route exactly equal to the former neglectjuig the ditference 
of i 

It will readil} he seen that out of all the possible comhiiiatiuiis 
of dilferiiit successive refie\iuiis, these two are tlie only ones 
which will give rays ivitli precisely eipial routes, all the others 
will difler by quantities amounting to some multiples of I or t. 
It we now recur to the small difiTerciicc in the values of i fur the 
jioints at which the t\\ o rays respectively pass, it is obvious that 
by slightly altering the inclination of the ])lates we can diminish 
the ditference of the mutes to ain amount , and can consequently 
make them difler by half au utici ml, or any iniiltiplu of an in~ 
Ictvnl and we shall thus have a daifr or bnglU point, or rather 
baud, parallel to the intersection of the planes of the glasses. 
Thu same thing will take place for other rays passing at diflereiit 
])arts of the glass, or forming different parts of the reflected 
linage, under the same conditions, and the image will thus 
appear, iii homogeneous light, crossed by dark and bright bands , 
or in white light, by coloured bands 

The experiment may be tried witii the flame of a candle, or 
still better with a portion of the light of the clouds, limited by 
an aperture of an inch in diameter , two halves of the same idatc 
of glass being used. This cx^icrimeut was devised by Sir D. 
Brewster. 
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('otoiiis of Thick Plates. 

123 Another phenumenou, originally observed by Newton, 
and referable to precisely tbc same principles as the foregoing^ 
was denominated by hiiii the colours of thick plates, and will be 
readily undcrstiMMl after wliat we have seen alxive. 

The effect is observed thus * Light being transmitted through 
a small hole in a screen, so as to be incident on a sjiherical con- 
cave Tcflectur of glass with concentric surfaces, the back being 
silvered, and the aperture situated at the centre of the spherical 
surfaces, on the screen surrounding it are seen roloiiretl rings , 
or, in homogeneous light, alternate d.irk and bright circles. They 
become faint and disappear if the distance of the screen be in- 
creased or diminished beyond a small dJtferonce from tbc original 
position. They diniiiiisli in diameter as the glass is iliukei. 
The reflexion from the buck of the mirror is essenUal to then 
production, as they are rendered faint if the silvering be re- 
moved , and disappear if a substance of a refractive power nearly 
equal to glass is a]iplied they arc also not produced in inet<dlic 
reflectors 

They arc explained tliua Besides the regular reflexions the 
incident pencil is partly scallcrcd at cacli surface , that is, some 
rays of it are reflected tbence in every direction . these rays, ir- 
regularly reflected from the second surface, meet at a small angle 
some of those irregularly reflected from the first, and lutcrfcro 
with them at the screen ; whidi is obviously iii the position of 
the focus : the alternations produced would be ^ ery faint for a 
single pencil, but at this ]ioiiit, where by the nature of the sphe- 
rical reflexion many of such rays differing little in their direction 
from those regi Urlv reflected are concentrated, they become 
visible 
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124 The iiiciilcnec being very nearly ceiitr.il, and if being the 
distance un the screen fruni the bole to .iiiy bright or d.irk jHiint^ 
or the diameter ot a ring, it will be evident that tlie length of 
the r.iy irregnlarl) reflected from the first surface, uhosc radius 
is Tj will be equal to 

v'r* + 

$ 

'J'hat of the ray which meets it after reflexion from the second 
surface, reckoned from the point behind the second surface, at 
which, if produced, it meets the radius produced, (and whose dis- 
tance from the first surface we ivill call n,) will be equal to 

s/(« + i)- + ly® 

Consequently the diftercnce of length of the two rrflrclril rajs 
which interfere, w ill be obtained bj taking the dillerence of the 
above quantities, after adding n to the former, and since this dif- 
ference must lie a multiple of half sm interval, we shall have 

« s/r* -I- If" — s/(« -J- ry + iy = « ^ 

2 

And if we solve this equation, neglecting the square of ,y, we 
shall obtain for the diameter of the ring, 

y == -x/ r (« + 0 

a 

Or, if the thickness of the plate be sin.dl compared witli the dis- 
tance of the screen, a will also be small, and the expression be- 
comes. 



a 


This funniila accords precisely with tlie must exact uieusurc- 
inents made bj Newton in the cases he tried 
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Colours of DetVf Stria’, 

125. When light is transmittcMl tliroiigh a glass cevereil with 
a fine dew, by breathing on it, &.c., colours are producoil, wliich 
Dr. Young explained on the principle of interference, by apply- 
ing the consideration of the retuidalion already niuiitioiied. A 
ray passing through a drop of water would be more tcltndcd 
than that passing very near it through the interstice of air, in 
pro]H)rtion to their difference of refractive power : on this prin- 
ciple Dr. Young calculated the interv.ils. Sic , of the colours, 
and found them agree exactly with the ex])erinicnt. To a simi- 
lar cause are ascribed the corou.£ occasionally seen surroiiiidiiig 
the sun and moon 

F'ine fibres, and stria;, also give beautiful colours by interfer- 
ence, when single, between the ni) s reflected from their o]>i)ositc 
sides ; and when muii} arc placed togc>thcr more complex colours 
are jirodiiccd by their combined interferences. A striking exam- 
ple of this kind is seen in the iiis buttons, invented b\ Air. 
Barton, the surface of which is covered with minutely engraved 
parallel lines, in some instances not more than one 10,0(Kftli of 
ail inch apart A phenomenon very similar is that of the colours 
exhibited by the surface of mother of pearl This substance, 
ivhcn examined by a powerful niicrosco])e, is found to present a 
surface covered with minute striae arranged in parallel waring 
lines. 

126. Various other phenomena, of a kind extremely similar to 
those just mentioned, have been observed, and arc readily ac- 
counted for by interferences. Beautiful sets of colours arc seen 
on viewing i* ouidle, or line of light, by very oblique reflexion 
from any moderately ]iolished plane surface, as ivory, ebony, &c.. 
held close to tlie eve The images of a narrow line of light 
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ti)rine<l by the successive iiitenial reflexions of a piece of glass 
slightly prismatic^ may he seen divided into several dark and 
bright bands. 

A variety of remarkable ]ihenoniena attending the funnatioii 
of colours by grooved siirfacesj &c., have been investigated by 
Sir 1) Ureuster, Phil. Trans. 1B29. 


( "n!om s ttf Ch atiHgx. 

127 When the origin is a narrow line of light, and is viewed 
through a telescope whose ubject>gl.uis is covered by a.^fine gi aling 
of’ irncs parallel to the line of light, the several pencils uhicli 
diverge from the apertures of this grating as new origins, inter- 
fere with each other, and iiroducc some highly roniurkahle ap- 
pearances ; uhieh ivere obser^'cd with great accuracy by i\I 
Fraunhofer, with an extremely delicate apparatus. The prin- 
cipal phenomena are ns follow 

In the centre there appears a simple colourless image of the 
line of light, sumeu hat less bright than W'lieii there is no grating. 
On each side of this occurs a pertectl} dark space , then an image 
hrilliaiitl\ coloured, according to the order of the ]>rismatic 
sjiectruui, the iiolet being nearest the centre, and the colours 
]>crfectly ]mrc; so much so that Fraunhofer observed 111 them the 
dark hues before described. Then succeeds a dark interval; 
then a seconti sjicctruiu . and to this a thinl, though this mixes 
a little with the preceding, and the interval is not abvdutel^ 
black, but sombre purple * 111 the succeeding spectra this is more 
and more the case, till they become superposed. Fraunhofer, 
however, was able to distinguish not less than thirteen spectra. 

lie suh]ectcd the appearances^ to extremely precise measure- 
ment by means of the well dchiied lines in these spectra ' and 
deduced results for a number of dilfercnt conditions as to the 
size of the wires and intervals of the gratings, Ac. Uut we shall 
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only mention very briefly tliose points which bear on the general 
theory. 

The distances of corresponding points, e. g : the same defi- 
nite line in the rod, blue, &c , in the spectra of each successive 
order from the centr.d |Kiint, constitute antkmelical senes, 
whose thff'erence ts equal fo tts^fiisl term F'rannhofer found, by 
most precise meusiircincnt, the value of tins difference fur eacli 
of the principal rays, or lines, in the spectriim If y be the 
breadtli of an aperture iii the grating, and S th.it of the interstice 
or Avire, then, Avriting « = y S, or the distance from the mid- 
dle of one Avirc to that of the next, the angular se]>aration of any 
particuhir ray from the central jionit ^f/, and « the order of the 
spectrum to Avhich it belongs, he found the relation between these 
observed distances, and the value of X for the particular ray, ex- 
])rcssed very exactly by the formula, 

sin 4'u = — 

t 

This, then, would be the same as the expression for the scparatiuii 
of bright points, if ])erfcctlj homogeneous light of the same co- 
lour h.id been used Tlie distant interval at winch these bright 
points occur for the same ray, allows of the spectra being foniied 
ill the utmost purity. The inanncr in aaIucIi tliis formula results 
from the theory ot interfering rays, cannot be explained without 
entering into a somewhat complex discussion ; but a general idea 
of the mode in ivliich the dark spaces are formed, may Ik> ob- 
tained from the folloiviiig considerations. 

First, if we regard the successive apertures as mere points, 
y, y,,, y ,, &c. separated by interstices, rays diverging from each of 
these piints as a ncAv origin aviII interfere, and those whose 
routes differ by >, 2x, 3X, &c Avill give bright points at distances 

0 .J 1 c ,, Ac. from the centre of the screen- supposing homoge- 
neous light employed. 
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Next, lot us suppose the apertures of such broadtli y, that so- 
vcral pencils may diverge from the several points contained in 
the aperture, and the breadths of the aperture's 7 to be equal to 
those of the interstices S, then we may conceive the rays from 
each half of each aperture separately ; and those which we he- , 
fore considered, as corresponding to the first half. Since 7 = S 
it will be cn.sily seen to fiillow, that at the same distance c,, ,it 
which the first rays ot 7 y,, before met, differing by 2x, we shall 
now have those from the first meeting those from the second 
half of 7, and differing by Ix. At the same ])oint also will meet 
those from the first and second halves of differing also by ?fA , 
and again those of 7 , &c. ; thus all the rays at will destroy 
each other, and it will be a dark point and in the same way all 
the alternate points c,, &c. will lie dark. 

For the gratings which Fraunhofer used were sometimes sub- 
stituted finely engraved parallel lines, (1200 iii an inch, on glass, 
or other extremely delicate contrivances. By these means lie 
also observed, that if in glass thus engraved the intervals be 
bhickened, the light rcjleded fmm the engraved lines produced 
exactly the same plienomcua. There is also a curious consequence 
from tlie formula before given, viz. that if e be less than X, we 
have sin. 1^ > 1 , or an Imaginary value, winch would shew that 
in this case no colours would be produced. The same excellent 
observer has also carried on a number of researches on various 
modifications of the experiment, on which it is impossible here 
to enter. A variety of beautiful phenomena of the same clas.s • 
are seen when apertures of various shapes are applied to the ob- 
ject glass of a telescope, and tlie brighter fixed stars viewed 
through them 



1.V2 


POLARIZATION OF LKJHT. 


Polarixaiion of Light, 

128. We have hitherto been engaged in examining the pro- 
perties of light, which concerned in the first place, simply the 
direclmis which it takes under certsim conditions, considered os 
homogeneous ; next we were led to recognise distinctions among 
the integrant parts of which u ray, as ]>roduced from any ordinary 
source, is composed, in regard to the dijfcreiit laws whicli they 
follow : then ive found distinctive properties to mark the recur- 
rence of certain regular though minute inici vals along its length ' 
we now come to consider other distinctions which prevail with 
regard to directions transvetse to the length of the rap. Thus 
without any particular supposition as to the physical nature, or 
even as to the imaginable diameter of a nty, if we merely confine 
ourselves to the supposition of a mathematical line, and conceive 
a plane to which it is pcrpciidicnlar, crossing it at any point, 
.ind in that plane two rectangular directions assumed, passing 
tliTougli the ray, these will {mint, a^ it were, to four parts of 
space with respect to the ray, and which for distinction we ^vill 
name m the order of succession in a circumference round the 
ray, a, b, c, d. 

Under ordinary circumstances it is wholly a matter of indififer- 
cncc in what ]iositiun with respect to these directions the ray 
encounters any surface, medium, or body at which it undergoes 
any of the modifications hitherto spoken of. But there are con- 
ditions under which a material difierence in this respect is 
observed 



POLARIZATION OF LIGHT BY REFLEXION. 153 


Polaruation of Light by 

129. One of the simplest cases may be described as follows 
If a ray of light be reflected from a surface of glass at nu angle 
of about «i(i" and the reflected ray be then received on itnother 
plate of glass at the same aiiglcj the planes of the two reflexions 
licing coincident, the ray will be reflected again as usual but if 
the second glass be turned round, so that the angle of incidence 
upon it remain the '*.ime, but that the plane of the second reflexion 
is at right angles to that of the first, the r.iy will no longer be re- 
flected, or the image will wholly disappear When the planes 
form intermediiite angles, the image Mill be seen with interme- 
diate degrees of brightness . and if the angle of reflexion be any 
other than .iG" the e/Tcct will be iiroduced in a less degree , this 
being the incidence at which the com])lctc or maximum effect 
takes place. 

If we consider this experiment it evidently consists essentially 
of two parts, the first reflexion, which puts the light into a certain 
state ; and the second, by which the nature of the property it has 
acquired is exhibited. Now this property evideiitlj has a rehition 
to the parts of space in rectangular directions transverse to the 
ray before supposed : recurring, then, to the illustration tliere 
imagined, the ray after its first reilcxion has acipiired a property 
(which it docs not possess in its natural state,) of being rcflectc(l • 
or nut, according to which of the ret.tangul.ir directions, taken at 
the point of its course where it meets the second glass, coincides 
with the plane of its incidence uu that glass. iViid this relation 
IS the same throughout its whole, length to any extent after the 
first reflexion. Thus the directions a, b, c, d, taken at any one 
point ill the ni), are the same us at any other, or they he in 
fixed plaue.s, wliose intersection is in the r.i\, and one of ivliich 
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coincides with the pluue of the hrat reflexion These directions 
being thus constant, the case may be illustrated by the imaginary 
resemblance of them to the cardinal points of the compass about 
the ray * hence the application of the term jHilai ill} to this pro- 
perty, the ray being said to be polarized : iii the case we have 
supposed, it is polaiized by reflexion: uud the ])lanc in which 
the flrsi reflexion takes place, is called the plane of polarisation, 
or it is said to be polartzed tn this plane 

The difference between polarized and common light may then 
he stated thus ‘ in a common ray, at successive |H>iiits along its 
length, the four points arc turned in all possible directions ; in a 
polarized ray they he in the 8au.e planes throughout its whole 
length. 

Or, again, if we conceive a pencil of a certain imaginable 
diameter, and that its section at any point has a certain figure, 
square for example, — ^if the light be polariaed, the form of the 
ray is prismatic , it acquires plane sides throughout its length . 
whereas in unjwlarized light, the sections at successive points 
have their sides in all possible directions. 

This remarkable property, which has opened an entirely new 
field of optical research, was the discovery of Alalus, in 1810. 
Two glosses ore e.isily arranged so as to be inclined at the requi- 
site angle to the common axis of two tubes, which can turn one 
in the other, so as to give different lucliiiations or aximuths to the 
two planes of reflexion. It is most coiivcnicnt to use the wliite 
reflected light of the clouds. 

DO. This ])roperty is found to be communicated by a reflexion 
at the surfaces of all transparent bodies; in its complete degree, 
at a particular incidence, constant for the same subtance, but dif- 
fering for different bodies ; and in ii less degree at all other in- 
cidences. 

When a ray i.*! uicideiit on a plate of glass with parallel .sur- 
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f.ices at the maximum pulariisiiig angle, the part which enters the 
glass, and is of course rejected from its second surface at an an- 
gle equal to the angle of refraction at the first, will also emerge 
completely polarized. 

We have supposed the csise of glass in air, where the refractive 
powers are very different. It has been found that when two ad- 
jacent media differ very little in refractive jiower, the angle ot 
ci'mplete polarization at their bounding surface approaches to 45” 
This lends us to consider the variation of the polarizing angle for 
different substances; and a simple and com])rcheiisivc law has 
been discovered from very numerous observations by .Sir D. 
Brewster, which includes the aliove If m be the relative index 
of refraction of the two media, then, if wc call the maximum po- 
larizing angle the law is expressed by 

»i =s tan ^ 

This gives us a remarkable gc<>metricjl result, for since wc have 

also m sa — ?- this gives sin = cos. 't, or, at the incidence 
Bin ' 

of complete polarization, the refracted lay ts perpendicuUir to the 
reflected ray. 

From this law we obviously deduce the result stated above : 
tor if in = 1 we have = 45” 

The fullowiug are some of the values according to this formula 
fur dilferent substances , the adjacent medium lieing air . 


Water 
Crown glass 
Plate glass 
Oil of Cassia 
Diamond 


56.55 
57 . 45 
5» 3!) 
68.6 


It will also follow, tliat since m is different fur the different 
primary rays, there will also be a slight difference in ^ fur the 
same substance . or, thcie will never, strictlv speaking, be a total 
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absence of light at the sccuiid reflexion ; but a certain tint tvill 
remain^ varying with the dis])crsivc character of tlie medium 
The law applies in general to transparent bodies, though there 
is some doubt as to the caic of diamond. With metallic surfaces 
no complete polarization takes place, though certain cfTects arc 
produced which will be considered liercufttT 

1^11. This law also applies to the case of the ray reflected at 
the second surface of a })nrallcl ])latu before mentioned For in 
this case we have obviously 4*^^ s= and =; 

Whence sin. = — sin. 

m 

And since, as before observed, we have sin = cos 
wo have also sin = cos 

and thence we deduce, tan. = — 

" m 

Or, since becomes the angle of reflexion at the second surface, 
the law apjilios in this case also. 

If ue suppose the second surface bounding another medium, 
when we have not — , but a new index then for cuuijiletc po- 
larization at the bouudiiig surface 

tan «r»^^ = m. 

But since it will depend upon the nature of the first 

medium whether this can take place 

If the back of a gloss be silvered, since the ]>riucipal reflexion 
Is from this second surface, ive cannot use it to polarize light. 

132. The angles of incidence at both the glasses being those of 
complete polarization, the intensity / of the light reflected ut any 
azimuth a. of the second glass” h*is been conceived by Mains as 
represented by this formula, where A is the absolute intensity of 
the light cinpluved, 

I =■ A cos. tt 
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On this princiy)Ie n common nr unpolurmed ray may be conceived 
,is composed of two rays, polarized in planes at riyyht aiiglesj and 
of equal intensity. Such a compound ray being incident on a re- 
dccting surface at the polarizing angle, one portion of it having 
its plane of polarization inclined to that of rellexion by an angle 
ex, the other will be inclined (90 — a), and we shall have, 

A cos ^ a + A cos.® (90 — a") = A • 

or the intensity of the reflected ray will be unaltered in whatever 
azimuth it is incident. 

When the polarized ray is not incident on the second glass at 
the polarizing angle, but at any angle, the law of intensity of the 
reflected ray is expressed by a more complex formula investigated 
by j\f Fresnel 


Polfo hat(on hy oilier Meihodn. 

13.1. Sir D. Brewster found, that if a ray be made to undergo 
a number of successive reflexions between two parallel glass plates, 
at angles differing from the complete polarizing angle, it at length 
hecomes completely polarized. 

134 Mains and Biot also discovered, that if a ray he incident 
on a pile of parallel glosser, the trausmilied portion is partially 
yiolarized, and mure completely so as the number of glasses *is 
increiLsed and if the uiculente he at the angle the portion 
transmitted hy the first ghiss penetrates the subsequent ones 
without any loss by reflexion ; and if tlie number of glasses be 
considerable, the emergent ra.y*rs wholly jiolansed in a fdanc 
perpendicular to that tf refraction. The same effect may lie 
produced hy piles of plates of mica 
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L‘)5. AI Arago discovered a general laiv, tLnt at all incidences 
of unpolarized light upon a plate of glass, the reflected a7id trans- 
1 /nllcd jTortions contain equal quantities of 2 U)lariscd hfrlit, the 
planes of jiolai ization being at right angles to each other. 

On this subject some curious researches have boon made by Sir 
D Brewster, for whicli the reader must refer to his paper in the 
Phil. Trans. 11130. 

f 

136. A well known mineral called tourmaline, which crystal- 
lizes in prisms, when of a brouai or purplish colour, it is found to 
jiossess the reinarkablc property that a plate of it cut parallel to 
the aa.ts of the prism about inch thick, will jMlartze the whole 
of the light which tmverses it in a plane perpendicular to the 
axis of the crj'stal. 

It appears to be a law that a substance possessing this property 
will only transmit light so polarized. Hence, if the light be jrre- 
viouslq polari/od iii a given plane, and be incident on the plate 
of tourmaline, if the plane of polarization be eoinculcnt with that 
perpendicular to the axis of the crystal, the light ivill he whullif 
transmitted, but if at right angles to it, ivhollif inicrtepled. 

Hence two plates of tourmaline form a very convenient ap- 
paratus when set in cells so us to be Lapublc of turning each in 
Its own ]ilane about a common axis. The one jiolarizes the inci- 
dent light, the other analyzes it * performing analogous ports to 
thu two plane reflectors in Malns*8 experiment. 

A similar property is observed in some other minerals, as in 
ssme specimens of rock crystal which have a brown tinge. Also 
in plates of agate, cut perpendicular to the laminae of which it is 
composed, about inch thick. [.See Brewster on Philos In- 
struments, etc p. 329.] 

In general it is to be observed, that taking any of the pieces of 
apparatus thus described singly, we may combine each with any 
other, and use either of the two in any such combination indif- 
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lerently as tlu‘ jmlat izing or us tlic analiizmg purt of the u])pa- 
ratus unci in whatever way we operate we lia\e alw.iys analogous 
result« conforrnnhlc to the’ ])rinciples at first cstuhlislic'd 


PoiftrisalioH by Doftbh Reft action. 

• 

1^7 If two rhonihs of Iceland spur he ])Iaced upon one nn> 
oilier, or still hotter if fixcsl in cells capable of turning in u tube 
ibout a cnniniun axis, the cover at one eiiil bcMiig in contuct v ill) 
the surface of one of the crystals, and containing a minute a]icr- 
tiire, then the light traiuiiiiitted through this hole unci the two 
crj'^stuls to the i>ye at the othc'r end, will tn grtirial be diMcled 
into tw'o pcirticnis, O and K at the first crystal , and each of these 
into two again at the second crjstul On Oc, and ho hr, or thc» 
eve will see four images of the hole. If we turn one crjstal 
.ib'Mit HI its cell we shall find one position, and one onh , in which 
the four linage's are all of e (ual iiiteiisitv hi every other, two of 
them w'lll a]i]iour to diniimsh in brightness and the other two to 
increase, till at length the first tw'o v.iiiish altogether then these 
reappearing and inci easing the other tw'o diminish, and at length 
cliiiajipear, and so on The ap|K!.ir.iiices are soinew hat complex . 
but to unal\/e them let us t.ikc uiil\ unr i initial, and use’ light 
preiioiisl}'^ pohiri/ed by any of the inethocls pist described It 
w ill here be seen that one of the tw'o im.iges vaiiishc's at everj' 
cpiadrant, nr is in the same ]iredicanient as the imuge reflected^ 
it the second glass in IMaliis's exjierinient. If we reverse this ex- 
periment, and look at the two im.^;es by refiexion from glass at 
.'>0*', we hliall find one of them vanish at each quadrant; or, if 
we stop one of the rajs from the* first crj'-stal, and examine the 
other by the sccnind, it W'lll exhibit the same results. I'/ir In J 
tillages, then, arc polarized . and la planes at iig/if <. I'gA s to tilth 
other Hence, if we resume the experiment with the four images. 


V 
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the same thing takes place fur each one of the t\70 first images 0 
and E, by the action of the second crrstd, ns by that uf the re- 
flector. The planes in which the two images are polari/cd are, 
one parallel, and the other at right angles to the principal section 
of the crystal. Either of the above experiments may be repeated 
with the substitution uf a tourmaline, a pile of glasses, nr any 
other ^lolariaing apparatus, uhich may also be used m the re- 
verse manner as an analj /or. 

These properties of the Iceland spar were originally invest i- 
g.itcd by Barthohiius, Non ton, and Iluyghcns 

In the double refraction of a ray, previously polarised, if a be 
the aximuth of the plane of polarization to the principal section, 
and A the intensity of the light winch enters the crystal, and 
using the letters 0 E to signify the intensities of light in the tuo 
rays, they may be expressed by , 

0 = J cos " a £ = A sm • a 
n hence, 0 + E = A 

If we have two crystals superposed, ue shall have in like man- 
ner the intensities ot the four emergent pencils , since the planes 
of polarization of the first two images 0, E, are at right angles, 
those of Oo and Ec will be in the same azimuth, and of Oe 
and Eo in azimuths complementary * thus we shall have 

Oo = 1 cos * « = Ec 
* 

Oe 5= I sin ® « = Eo 

m 

‘and Oo -|- Oe + £e + Eo A 

These formula: express the changes before described 
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Polarized JiuigA. 

138. ^Ve hare already ubscrred, that in all the cYpcrinieiits uii 
polarized light there are two essential parts of whatever up- 
juratns wc employ , the one to produce polarization, the other to 
analyze the light so modified, or to act as a test of the properties it 
has acquired If, nou, in an) combination, we suppose the analyz- 
ing ]>art in the position where the ray disappears, and that bc- 
tivecii the two ]iarts ive iiiteriKKie a doubl) refracting substance, 
in such a position that its optical a\is is tra\ ersed by the polar- 
ized ray, then, in tins particular ]iositioii, no effect is produced , 
the anal) zer still giving a defalcation of light as before lint if 
the ray ]>ass in amj olhci diredion, a pot lion of the light ts 
tcsioicd, and this is found to depend on the thickness of the 
crystal Iras ersed. In lioinogeneons light, at successively different 
tlnckiiesses, alternations of light and d.irkness are produced , and 
thence in white light, compound tints 

138 The easiest wa) of observing these ])hciioinena is b) in- 
terposing .1 jilute of mica between the two jiarts of the apparatus 
This mineral naturally splits into ])latos, and its two .ixes he in 
.1 ])l.uie perpendicular to that of the laiiiiiiie, inclined at 15° to 
each other, and each 22 to the perpciidiculai 

Let the intersection of the ])lane containing these axes, w'ith 
the surface, be called it, and a line perpendicular to it in the sur- 
face be called B. 

Then, the lamina being perpendicular to the ray, if wc take 
such n position that A cfiincides with the plane of polarization, 
the lamina produces no change' in the light if the lamina re- 
volve ill its ow'n pLiiie and A be inclined, light is tiansmittud , 
and if the incliiiation he 45° it is .it a niaxiiiuiin 
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U till* tliivkuess uf the lamiiu be greater than about 3‘g inch, 
the light transniitted is white If less, it is Loluured , and tiic 
tint IS the same as that of the Uuu iilalcs corresponding to the 
iamc fhfference of thickness The tint merely cliuiigos 111 uilensity 
\iith the revolution uf the lamina 111 its own plane 

It w'c intluie the lamina to the ray, avc alter the t/nckiiess tra- 
A erseil . siijiposu A in the position uf maxiiimm transmission, and 
that wo make the lamin.i roA’olvc about Jt, there Avill be a siic- 
eession uf tints till we arrne at such a Airtual thickness as gi\'es 
Avliite in the order ul Xcaa tun’s tints beyond this no further 
ihaiigc can occur 

If we make the lamina revulAe round A, then the tints chaiine 
till Ave come to black ; but beyond this, if the inclination be cou- 
tiiiued, we ha\e the tints recurring again in reverse order, tillAvu 
arriA'c at AAliite 

1*40 Hut the most complete vicaa ui the Avhole ut these pheiio- 
iiieiia is obtained if Ave a]jply the e^e and the analyzing part ot 
the a])])ariitus close to the cr}st.d, so as to receive a cone ot ]io- 
laii/ed rajs aaIhlIi hav(> tra\ersed it, the optical avis Ijnig 111 the 
axis of the cone in this case, tiie lajs as they cross it further 
troiii the axis, Aiill success lA’ely traverse increasing lengths of the 
mediuiii, and thus, in the position ot the axis, a black sjml mill 
be feeii surroundeil by tings of tolouts. If there be two axes, we 
shall ha\e tAVU such cones or sets ot coloured riu"s, Aihich ni.ay be 
either completely distinct from each other, if the axes are inclined 
.It a considerable angle, and the lamina uf some thickness , or, it 
at a smaller angle, or the lamina be thin (as in mica about 
iulIi thick), they w'lll be partly mixed Avitli each otlier, but this 
takes place in a A'cry remarkable manner — tliej are not 111 the 
former case perfect circles, but*of an oval form , the points cor- 
respouding to the axes, forming foci towards the outer ends. It 
the axes, be close, these ovals form into a compound figure with 
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Iwo fuel, about which the iniiurmobt ring's .ire furuiuil us before , 
whilst the Tnidille ones coalesce at the part where tliey touch into 
a form resembling a figure of (1^ and the outer hands assume the 
form of a single oval enclosing all the others Through e.ich of 
the poles there passes a blade band, ill defined, .ind in a curved 
form, resembling an hyperbola , the convexities, in the two sets, 
being towards each other. If there he only one avis these bauds 
will become straight lines crossing at right angles. 

If the crystallized plate be made to revolve about the ray, the 
black band will shift its place with res]>ect to the rings , and 
ulien the plate lias moved through d.!** the black baiirl will b.ive 
gone tliruiigli 90*’, and will now assume the form of a straight 
line, in the plane of pulari/<ition it will also be ]irolonged to 
meet the corres])niiding line lieluiigiiig to the other set, .ind they 
ivill be crossed at their centre b\ .mother black line at right 
.mgles. 

'I'liu whole of these ]ihc'iioineii.i are best seen In the combina- 
tion of two tourmalines, .ibove described on which principle an 
iiistrumeut u iiaiile fitted u]> with several specimens of c'ryst.ils, 
called the jHilarncope, uhidi will aflurd the best means of becom- 
ing acspiaiiited with these beautiful appearances l*l.ites of the 
crystals of nitre cut across the axis of the prism about iiicli 
thick, give the best Iiist.uice of the rings about tw'o axes those 
of mica are too far sep.ir.ited to be conveniently exhibited. C,'ar- 
bonate of lime nflbrds a good sjiecuneii of llie rings .ibout one 
axis; by grinding down the obtuse angles of the rhomb, so as to , 
form two iicw' surfaces perpeiidicul.tr to the axis cle.tr ice also 
shews tlioin ivell if about one inch thick 

141 The whole senes of curves formed hy the coalescing rings 
•diout the tw'o axes have been cvaniiiied w itli great uccur.icn In 
>Sir J. Ucrscliel, and found to coincide exactly with .i scries of 
't’mniscatcs, whose equation is 
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(.r« + + «*)“ = rt» (6’* + 1 . 1 =*) 

Where the perimeter b varies froia 0 to co , hiuI 2a represents the 
Cviiistmit distance between the ]iules b is found to increase by 
(‘(|iial diflbrciices from one ring to another, for the same thickness 
of the })l.itc , and is iiirerseh as the thickness in dilFerent ]d.ites 

These curves .ire distinguished by the projiert j , (which easily 
toliuw s from their eipiatioii,) that tlie product of the radii draw n 
Iroin the tivu poles to any jioint in the curve, is equal to tlie con- 
stant rectangle uh 

If we draw' a line through either of the poles, porpondiciilar to 
the line joining tlieiii, this w'lll cut all the rings at points w'here 
tlio\ appear to follow almost exactlv the same order ot tints as 
New ton’s coloured rings in other ]iositloiis tlio\ ihll'er a little 
hut, foi the present disregarding this small disci ejiaiicy, we may 
consider each tint or ring as distiiigiiishcd, or nuMSured hy its 
own jiarhcular >alue ol the product of its radii ahoi e-mcnliuned 
'riies'j r.wlii being the measures of ati^ulai se])aralioii, w'e must 
eonsider them as the sines ot ar<.s> 6 9^ , and the order of the tint 
will III general be projiortional to this iirodiict, and to tlie thick- 
ness of the crystal traversed Ii\ the lay .I'uutly , oi, suae tlie 
tl'ivkiiess traversed is equal to / sec i/;,, it W'lll upon the whole 
he e\ pressed hy 

ab = sui 0 sin I si’c c/i. 

Or, if n he the luimlicr of periods, or order of the riiur, and 
h = or the unit whose multiples determiiio the order ul the 


rings, W'c shall have 


h 


t 

H tSI'- 


SUI 9 sill. 0^ 


This fiiiii tioii, then, is invariable in whatever direction the rav 
penetrates the ervstal 
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Tlic truth of this law lias heen vonlicil hy very aceiir.ito oh- 
>-i'rvatii>i]s on ti ])1.itu of mica, ni.iilo to rcvulri' .ilioiit /*, (as hc- 
ioro dcscrihcil,) ^\hich currcs]N)uils to a soLtioii of tho riii^s 
through both tho polos, m huinogeiiooiis light Tho atiglo oi 
incidcnco at uhich tlio siiccossi\o bright and dark lutorvals woro 
prodiicod, hoiiig moasurod with the index for mica, l.r*, tho 
I allies of woro oonijiiitod , from nhicli, those of fl (hoiiit; the 
ilitForeiices from the first laluo of tf>J) i\ore found, and those of 6^ 
fthu dilloronoos of those last from dro’, tho inclination of the 
i\os^ and on substituting those snooossi\ol\ in tho (ormul.i, tho 
laliic thus given to //, was nhiuhileh) lonthiiit Simil.ir dctoi- 
miiiations liaie boon made for all other diroLtioiis atross pl.itos 
(it a groat vanoti ot crystals 

It Is ovulont that if wo coiiooivo tho orjstal forniod into a 
'p/ff’ic, the thitkiioss traiei >ed woiihl he constant, and the toi- 
iiitila would heeonie smiplv ihe jtnnUnI of l/ir sniiis The dis- 
<‘over} and veiifioatioii of this law is doe to llio united losoaiolios 
ot Sir 1) Biowstor, 31 Hat, and Kir <1 llersoliol. 

When tho tw'o .ises unite in one, the leniniscates hoMouo 
circles, we liaie 5 = 0^, .uid tiie tint is re])resented hyr 


/ sin -'fl 
eos </., 


/ s«‘t «y>^sin -0 


If the rings arc close', cos is nearly roust ml, ami tlie an 0 
may he t.iken iiistc.id of its sine 


142 We ni.ii lu're make an ulisercation which is iinport.int to 
the explanation ot these ]iiienuiiioiia We have before seen that 
in uniaxial crystals, when the r.i\ passes in any other direction 
than that of the axis, the extragrdiiiar\ ra\, having .i carialile 
\alue of III, has, agreealily to what was remarked in Art 111, .i 
corresponding i rlardnlion difterent from that of the ordinary i.iy 
If, now, contiiiiimg the same analog!, we cnui]iare the teluiilu’s 
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as referring; to such retardation, and call those of tlie two rays 
respectively v and it will be evident from the expression (100) 
that the value of v hein^ ciiiistant, that of is given by that for- 
mula, and we shall have the dillerence of the s<piares (writing / 
for the constant factor), 

I / — V- = k sin ~9 

I i 

Hut we have just seen that the ortlor of the tint is also propor- 
tional to sin ^ 6 , hence we shall ha^c that tint proportional to 

i sec iji, (v, + u) — u) 

Now since a small chaiiiie in the direction of the extraordinary 
ray, or in will make a change iii -J- v, which is iiiseiisihle com- 
pared with that made in — v, we may tor such small changes 
as occur within limits ver} near the axis, consider the factor 
(*'/ + 1 ) as Loiistaiit , and we shall thus have Ike tint vn if ueat li/ 
jiropoiiioiial to the simjilc ditfereiici* of velocities — v, or to thr 
retafii'v rcimilafwii of llie two lavs 

111 I13 far the l.irgest iiumher of crystals uitli one axis, the 
tints follow V LTj iieaih those ot Non ton's scale that is, ngrec- 
ahlj to the last observation, the diirereuce m the retardation of 
the ordinary and extr.iordiuarv ravs (ol any one jinmiiry roloiir) 
is in the simple projiortioii ot their respective values of > 

There are mail) iiist.iiici's, however, where we lind a deviation 
from the Xew toman scale In sonic the diameters of the rings 

r 

for different colours ilifFer less, in others more. Or vve have the 
retardation in a ratio less or greater than that of a simple pro- 
portion to the values of 

Other deviations are frequently caused liy the simple circum- 
stance of the iiujierfect, or distorted structure of the cr)stals, &c. 

In biaxud crvstals there is another source of apparent irre- 
gularity, dependent on the remarkable fact (to vvdiich it was 
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traced by Sir J Hersclipl), that the Jtilnation ttf the tt\es diffets 
for the different puman/ 

The axes (in any case) as t elated to these lolumed rings, being 
found by observation, n'e know in many cases that they are 
identical with tliose ot double refraction but they arc found m 
many crystals iii uliich the double refraction is in no other way 
apparent, its existence is inferred from analogy. • 

There is, however, one ]iart of the phenomena of which iio- 
tliiiig has yet been said , viz the central black cross This is 
easily understood in uniaxial crystals, since a ra^ which pusses 
the crjstal in the plane of polan/ation, when it coincides wntli 
the principal section of the cryst.il, fiiniishes only an ordinary 
ray in the crystal, and therefore at the analyzer is suppressed; 
or wc have a dark line corresponding to its position In pre- 
nsuly the same wu) , in a ]ilanu at right angles to this, only an 
extraordinary ray passes, which therefore gives alsu,a dark line 
.it right angles to the former. 

143 In hiaxul crystals, M. Riot 1ms given the following 
theorem for the jiosiltuii of the plane of polarization, which he 
established from expeniiiental icsults: it is also found to coincide 
procisclj with the furmiihi deduc*cd from the physical theory by 
IVI Fresnel. The construction is simply tins if two planes be 
drawn through the course of a ray within a crystal, and through 
the two o])tical axes, and a third plane bisecting tlie angle in- 
cluded between tlic two former, this w'lll be the plane of jiular- 
izatinn, if the ray be an ordinary one, — hut one perpendicular to 
it if cxtraordinury 

This construction enables us also to determine the form as- 
suined by the black lines, winch w'e liave observed before assume 
a curved form resembling liyperliolas, and passing through the 
poles If we suppose the separation to be small, the arcs 0 9, , 
which measure the angular distance of any ray from the .ixes. 


z 
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may be considereil ns rectilinear And thus, on tlie plane wlicrc 
the rings are traced, the pro|cctions of the plane of polarization 
will be lines at right angles , and a line parallel to one of them 
through a point in the dark curve, w ill bisect the angle contained 
between the lines 0 0^ for that point The problem ivill then he 
reduced to one of plane geometr}', vi/ to find the nature of the 
locus traced out by an ordinate to given r('ct.ingii].ir axes, ubicli 
nlwnjs bisects the angle formed b\ lines to the tracing poiiil, 
from two points given in position, whose line of |uiiction passes 
through the origin, and which are at equal distances on each 
side. The solution of this being a sinijile process of analysis, \\c 
shall not here enter upon it, but merely ohsert'o that it brings us 
to the equation of an hypctltola, whose asipnplofes me the uxe<t 

144 . Hitherto we have described the rings as they appear 
when the ]iQlan7ing and aiuilyjfing parts are in their rectangul.ir 
position. If M'C now sn^qiose the analyiser to be inclined from 
this position, at the coniinencenicnt of the rotation, the arms of 
the black cross appear to dilate, they grow at the s.iiiie time 
fainter, and segments of complementary rings appear in them. 
The jiiiiction of the two sets is marked by a faint white. As the 
rotation proceeds, tlie primary segments contract and hecoiiie 
more dilute with white; while the secondary or new tints extend 
and become more decided at the same time the centre of the 
system grow's gradually bright, and when the quadrant is com- 
pleted, the whole of the space before occupied by the black cross 
is now white, and the quadrants of rings all compleinentary. 
Tlie ]ilioiiomona are ]ireciseH aiudogous in biaxial crystals. The 
tints change as aho\e, and wc have a pair of white lupcrliolas 
passing through the pules. 

We lia\e supposed the thickness of the plate such that the 
whole system of rings ^vas of small angular extent, so as to be 
taken in by the eye at once If the plate be much diminished 



I’OLAItIZlil) KINGS 


li>i) 

111 tliJcknesSj tins will no longer be tbe case , and instead of rings 
of a distiiiguisbublc form, we sliall sec only broad bands ol colour 
extending to great distances from tliu poles^ .iiid even visible 
when the axes themselves are so uiitch inclined to the surface of 
the plate as to be quite out f>f sight, or even when the axes lie 
in the ]ilane ot the jilate This List circumstance actually occurs 
111 the natiirtii laiiiiiiic of sulphate of hiiie, which conscquontly 
to sec the rings, must be cut .iiid polished in a direction perjieii- 
dictilui to its lamina' In au^ such case, however, by .itteiuliiig 
to the same considerations as those adverted to in the ease of 
mica, we shall rcadil\ he aide to analvze the phenomena [irc- 
sciitcd. It vve call the ]daiiu cuiilainiiig the two .ixes section .i, 
.1 |]Iaiie perpendicular to this, and jiassing through the line 
bisecting the angle, the\ form H ^ and a third perjicndionl.ir to 
lioth, through their point of concourse C, then, at a ]H’r])ciulicular 
iiicidcncu, if the ])I.ine of jxilarization coincide witliji'ilher li or 
(', tile pulari/ation will no undisturbed, but if the plate he 
turned round in its own pL.iie, the extruordiiiar} image will rc- 
a]i|U'ar, and be,.ume ot inaxiinum intensity at ever\ do” And if 
the plate he siilhciciitly thin, it will exhibit some one of the 
colours, and the tints W'lll descend regulaily in Newton's scale 
(i c Jtoiu the bl.ick,] as the thickness is increuseil 

1 - 1.1 When two sikIi ])l.ites arc supei])osed, the sect ions H 
and C coinciding, they are evidciitb circumstanced as if merely 
parts ot one ])late of the sum ot tlieir thicknesses Kut it they 
be i rowed, i. e. so tli.it li of the one ciiiiiciaus with C of the 
otlii'r, the fmt produced is that which vvuul'l be due to a single 
])late equal to the diflenjnic of their thickiics.ses It the ]datcs 
tli^retore he lialv'cs of the same plate, they w'lll in tins \v.iy ux- 
actl\ neiitr.ili/e cacli other. 

If the incideiico be not perpendicular, the colours produced 
qipeai verj complex, but the> arc euoilj uiulci An I it we use 
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the tourmaline apparatus. We tlicn see a central black cross, 
and in the quadrants hyperbolic branches in the order of New- 
ton’s tints: this is when tlm tourmalines are crossed. If parallel, 
we have a white cross and complementary tints. If tlie com- 
pound crystal be turned in its own plane, the tints only change 
111 intensity 

If. any number of plates of the same crystal (the incidences 
being pciqiendicular) are thus superposed, whose thicknesses arc f, 
Ac, regarding that plate as negative whose sections li C 
are crossed with respect to those of any other plate, the tint polar- 
ized hy the system w ill he that due to the algebraical sum, or to 
the thickness / + tj + Ac. And it we have phites of dif- 
ferent crystals cut iii the sainc manner, or containing the axes, 
we shall liavcto multiply the thickness of cadi hya ]>ecuhar con- 
stant I, and the resulting cflcct will be 

2’ = A / + A, -f- -f Ac 

A being positive or negative, according ns tlie crystal hulungs to 
the positive or negative class before distinguishud 

14(j. Hut tills IS only u particular e.ise of a more general law, 
which though iii the form iii which it is .luiiuuncud has a direct 
reference to theory, may yet lie considered ajiart from all ]>hy- 
sical hypothesis, if we earcfully confine the use of the terms 
“ retardation" and “.icceloratiou" to tlic experimental sense in 
winch vve originally defined them. The law in question is stated 
thus 

The tint ultimately produced is proportional to the interval of 
acceleration or retardation of the ordinary ray, on the extra- 
ordinary , after traversing the whole sy stem * the partial accelera- 
tion or retardation in each plate, being proportional to the length 
of the path described within the plate, multiplied hy the square 
of the sine of the angle which the transmitteil ray makes, inter- 



POLARIZED RINGS 


171 


nail) with tlio optic axis of the plate, if it have hut one axis, or 
to the product of the sines of its inclination to either, if it ha\e 
two. 

147. We have considered tlie oifect produced on the inter- 
position of injslitlUzed bodies between tlic pul.iriz]i)>r and ana- 
ly/ing apparatus. It has lieeii discovered bv Sir D Drowsier, 
that similar elFeets are produced if instead of crystallized sub- 
stances, we ])l.iee 111 the same manner v.inuus tr.uispareiit bodies, 
whose purlulcs have been made in assume a peiuliar state of 
aggregaliun, by the r.ipid and uiiefpi<il etfect of sudden ]ieatin;r 
ITT cnoliiijr, or by iiiecli.inical coinpressioii or beiidiii}' Pieces of 
glass slightly bent by the action of screws, so that the ]).irts to- 
wards one side were dilated, and towards the other coinpresseil, 
whilst in a line scp.iratiiig the tw'o, the u])pusite attions were 
iieutrali/ed, exluhitod no action on the poLirized ligjit transmitted 
through the neutral part, tvhilst on each side of it coloured hands 
were produced Ghiss heated and then applied on one side to a 
cold bod), or cold and applied to hot iron, exhiluts a succession 
of colours, as the lie.itiiig or < oohng process is traiisiiiitted along 
it Unannealed gl.iss rct.iiiis ]H*rni.uiently a structure of this 
kind A sniiilar arraiigiuiient is produced 111 larions jellies, .ind 
other transparent bodies, by compression, or b) the {irotess ol 
induration 

In all these cases, if the mechanical etfects are examined, it 
IS easily seen that there will he a strain upon certain parts of 
the bod) , .iiid the p.irticles will be brought iiito 11 st.ite of coni- 
Jirossion in certain directions The lull account ot these curious 
researches W'lll be found in the Phil Trans. IHKi 

The existence of this action on pnlari/ed light, would by ana- 
logy, lead us to expect that a doiibl) refracting structure had 
been communicated to the particles of the transparent substance 
And that such a property can be communicated to glass hv simple 
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pressure^ li.is been shewn by M. Fresnel , who used highly in- 
genions means to render the separiitiun ul two jiencds sulliciently 

gre.it to be sensible 

■ 

1 1 {{. Sir D Rreivster also found that the propertj of double 
refr.iction might be nrtiheially communicated by the apfdicatiun 
of 7nL't fiamraf ptessme to the ]>nrticles of certain substances A 
niixtnrc of white wax and resin melted together and left to cool, 
is destitute of this ])roperty but if jiressed violently between 
gl.iss ]ilntes, it acquires it lie ap]ilies this fact as affording an 
expl.ination of the mode in nhich it is produced in nutur.il 
crystals It is not owing to lUi^ cause inherent in iheir ultimate 
])articles, because it is lost by solutioiij fusion, &e It must 
therefore depend on something in their mode of .iggregation 
The particles are muted into a crystiUme mass, bj powerful at- 
traction This must occasion a iiolent tompressutn in each indi- 
vidu.ll molecule, in certain constant directions this, then, is a 
cause coiiqietent to pnulucc thiihlr tt‘/)(f(liuH in them and the 
])ro]'ei t} M ill be referred to certain axes, to which also the forces 
are referable * there 111.1} he one or more, agreeably to certain 
conditions in tiie prnnitue forms. He has pursued this subject 
ii'to tliu det.iils necessar} to siipjioit tins concliisiun, lor which 
the ri'.ider must refer to Ins paper, Phil Trans 1 !{ 2 !) Professor 
Alitscherbeh has found, th.it while heat esp.inds crist.ils 111 the 
direction of their axis, the} contr.ict in a direction ])erpenclicul.ir 
to it .iiid tli.it their double rcfractiim is .it the same tiiiiu di- 
idiiiislied This Is ri'in.'rh.dil} in .iccoi fiance uilh the .iImmc vien 

1 1'.l A reiii.uk.ible appear.inec is presented b} some sjieciineiis 
of Iceland sp.ir, in iihicli 0 / a ihjli'iruf sliiKfmc iiiteirupt 

the icguLir cr}stal \W cannot Iicie en<-or into the detail of the 
phenomena, it iiuist snilue louliserie, that the} arc .ill explic- 
able on the priiicijiles ]ust discussed, when we consider the two 
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portions <»f t!ie rc'iiul.ir orjstiil .is siinjily tlio ]>ol.iri/iii^ .mil nii.i- 
ly/iiijr parts of an ajipai .ilits, with .i thin l.iiniii.i iiiterpoM'il 
Till* otForts hail* boon innlatod .irtilici.ilU h\ Sir 1) Jliowstoi 
Again, thoro aro othor ii.itiir.il spociiiioiis of onst.ils, in wlmh 
light hoiiig pill iri/cil In iiitorn.il rofle\ioii iii tho cr\stal, lI.l\^.•rso^ 
It .iloiig its .i\is, and thus gnos rings at tho .iii.il\ jwt , or if jiro- 
vioiisly jiolarizod, tho rings aro seen dirootl\ There .ii'o also 
othor striiotiiros prodiioiiig similar etlicfs Such iijst.’ls ,iie 
called iihiH >/< Itijiliiiuniis 

Aiiothor highh ciirioiis subject ooniiootod with the duiible ro- 
fr.ictioii of liglit, is till' jiroporti |iossL*ssed h\ some ci\st.ils of 
giving two images ot dittoreiit colour or ol ahsorhing difri-roiil 
lajs, acoording to the direction of tho iiiiidoiit light , .i ])rii]H'rt\ 
c.illod diohroisiii Hut tor tho dit.iils of .ill those, and m.iiiy 
other interesting points of the like desoriptioii, we must rotor 
the atudonl to tho l.irgor woiks alroadt often iiK'd oi to Sii 
1) Tlrow stir's t'tjitios, in the C'.ihiiiet Kiiojclupodia 

IflO It would .ippoar .it first sight (in retoroiioo to tho ex- 
Iikliuition of these jihoiionioiia), that biiiic tho iiitor])osition of 
the cristalli/ed pl.ite rostoios the light, which when it is aw.ij is 
.ihsuliitelv dotioiont, it h.is in fict gnon it I lie pow’or of heing 
retlocted at tlio second gkiss, or tr.nisinittod through tlie toiir- 
in.ihne, ..s it it W'ere no longer ]iolari/oil , m, in a word, it might 
be thought th.it the jMikin/od light w.is hi these uie.iiis (ivj)nlfu- 
izetl and that dilloroiit portions being more or less .illeitod, 
siccurdiiig to the tliickiioss of t''e inodiiini, tiioro resulted llio 
\uried degrees ot restoration wIiilIi w*e poieeiie, .mil the ioniia- 
tioii of coloured rings And, in f.ict, this supposition, and the 
name of (Icpulfimaliun, have been adojited by some [ihilosojihers 
a complex theory, how ei or, is neicssarj to .iccoiiiit for the tAiiis- 
inissioii of the dillerent tints, and wo shall hiid that they .iiluiil 
of simpler e\plaii<itiuii grounded on f.icts 
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Interferences of Point ized Ltg/if. 

li)!. The state oi jmlarizalion of two ra\s is found to have an 
influence on tliat ]>rnperty whicli> marked (as we have seen) by 
certain intervals, gives rise to the ]>liciioniena of interference. 
This curious and delicate enquiry has been prosecuted by MIM. 
Arago and Fresnel, with the utmost care and jirecisiuii ; and we 
will now proceed to a brief account of their results. 

In the flrst instance they verified what is indeed almost ob- 
vious, that two rays ]Hilariised, by jiny means, in the same plane, 
mil produce stripes by iiiterfereiice exactly as common light. 

They' found, however, that lira lat/s fmlaiiznl tn planes at 
i t^hl angles to ea< h other, when bnnight under those conditions in 
which conuiiuii rays or ray** simihirly polarized would interfere, 
do not ptotlme ant/ stupes The cxpcnnient, simple in theory, 
IS difficult in ])r.ictice, from the circumstance that in any mode of 
]iroduciiig the requisite polarization it is dithcult to secure the 
exact eipiality of routes necessary for interference, if it can be 
prodiici'd, or lor assuring ourselves th.it it is not Sever.il me- 
thods uere devised uith tins obji'ct, but the simplest .mil most 
direct apjiears to be this In the course ot two interfering rays, 
small piles of gl<is.s plates or niic.i (.is before described) were 
placed, care being taken to ensure their perfecth ci/uttl thick- 
ness , this. 111 fact, IS the difiiciilt ])art of the operation then, one 
of these being cap.dde ot turning alanit the transmitted ray as an 
axis, when they nere in the position to give similar ]iolari/at]un, 
.v/i ipcs were pnidiiced when opposite, none. Halves of the same 
phite of toiirmahiic might be similarly' employed, but great exact- 
ness in the adjiistiiiciit is requisite 

1 j 2 Another method is as follows In the path of two inter- 
fering raya, which we will call It and L, is placed a thin plate of 
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Milphiitu of lime, wliicli possossiCii doitblu rotnictimi but fi>r a tliiii 
plato tlio sc'pnratioii of tliu rays will be insensible, and they will 
enierfre superposed Thus there will be firoduced tno iiii.i<;es of 
each r.iy, or Tto, lie, Lo, Le ot these Ko and Lo iiill have 
passed throu<rli e(pi.il thicknesses of the crystal, as also will Re 
and Zc; but their jiaths mil be longer Hence, agreeably to 
what we obsened liefore resjK^ctiiig tlu* lengths ot route**, the 
portions Ro Jm w'lll form stripes lu the same central ])osition as 
it no crvst.d weie interposed, as also will Re Le , and these two 
sets ot stripes occurring exactly at the same points will be super- 
jiosed, and onl\ one set will up])ear 

Ibit Ro ought also to interfere svith 1 1’, ami Rr with I.o, and 
these bc'iiig respectii<*lv of uiie<][iial routes the stripes of cneh 
would be slutted towards that side where the greater thickness is 
traversed , or we should liavc a set of stripes on each side of the 
central one, and it the thickness of the ])late be siiihcient, shifted 
entirely out ot the central ])art 

Xo suih lah iti( Ai’lt of stnoex hun'evei can he ohset veil hence 
we conclude that lliev are luit torined, because the ray*- wdiicli 
should ]irudiu.e llieiii .no op/w>M/f’b/ jtolauzctl 

Uiit it w'e cut the plate in halt and turn one half round !) 0 " in 
its oivii plane, these rays are then reduced to the »r/MC state of 
jiulari/atioii , and the rajs Ro Lo, lie and Lr, w’hich in the for- 
mer ease ])roduced the euiitral fringes, are now' rediiLed to opjntsife 
states ot jmlari/atimi and we lind I he ccnhal slnins non' ili\np- 
peai, w'hilst the hrn faleial an fonurtl 


l.iA The philosophers before nicntiuned also found, that if a 
pencil ])riinitively polari/ed in one jilaiie be separated into two 
111 op]>osite planc-i, and then reduc,ed to one, they will interfere 
like uiipolari/i d ra\ s 

If us before a thin ]ilatc of sulphate of lime be fihiccd in the 
l).ith of two interfering rays of light originnil} poI.irized, the 



176 INTERFERENCKS OF POLARIZED LIGHT. 


(>mergent ordinary ,iiul extraordinary rays of each pencil are su- 
perposed, but consist of tno rays dilfering in uouTh by some in- 
terval d, and cacli pair polari/cd m planes at right angles. 

If now a rhomboid of carboiuitc of lime be placed to receive 
these ra) s with its prinLip.il section d.*)" from the plane of polar- 
ization, so ac to form tno images considenddy separ.ited, these 
will dacli be composed of four rays superposed. Ot the four in 
the Jnial ordinary image eaeli comliination of tno may interfere ; 
that is, six interferences would result, of whicli two sets are 
formed by rays which do not differ in route, and therefore form 
two sets of stripes super])osed in the centre tno other sets are 
composed of rays diflering by d in favour oi one pencil, .ind there- 
fore form stripes on one side of the centre, and the other tn o for 
the like reason on tlic other side, or we should see three sets of 
stripes in the ordinary, .md three in the extraordinary image 
this is agreeable to obsorv’ation It is also ev ident that the ruj s 
which form the lateral sets of htn])cs are precisely those which, 
at their leaving the plate, Irid opposite polarisations, hut have 
been afteru'ards reduced to similar poluri/.ition by the action of 
the rhomboiil 

1.74. Ry a modifiention of this experiment another very im- 
portant result is established 

If instead of the earhonate of lime, which causes a Lirge sejKira- 
tioii of the tno pencils, no interpose .uiotlier thin jilate of snl- 
^phate of lime, or of rock crystal, in which the two iiiiiillv emer- 
gent rays sliall lie sujierjMiscd, tlie tvv'o final sets isaisistiiig each 
of three sets of stripes, .is in the lust experiment, we should ex- 
pect would here siinjily he super]ioscd, or we should see three 
sets ot double intensity ^ 

Instead of this Ihc lenlial scl alone aic secif this pnwes 
that the rays going to foini either of the lateral sets must consist 
of two portions, w'hich giv'e coniplenieiitary periods ; nr that the 
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Jinal otthnanj pencil cottstsfa of taijs ivhick diffa hy halj an in 
fcrval >, ftom those of the foal eilrtioiditimi/ pencil 


155. This last roiiurk, combined with w'hat was before olwerved 
in Art 1 12j enables us to explain the pol,iri/.ed rin^s. 

A pulnri/od r.t\, incident on a crj'stalli/ud jilate, is divided 
into two jiortioiis, wdiich fur siiiull obliquities L'liiergc siqier- 
posed tlio principal swliuii of the crystal lieing .supposed .it 
half right angles w ith the plane of origiuiil ])olariAitioii^ the tw'o 
emergent rajs, () and /.’j will bo opjtositely ]iulariited, and will 
also (Art 14i) have a difference of retardation it, [which may be 
cither on eien or odd multiple of Ii.iU .iii intenal) corresponding 
tu the tint, and dependent on the i.iliie 0 Also, bj Art 1.71, to 

this difference must be .idded a halt lutenal, or on the wlude, 

> 

they differ by /I + 4 ,* These i.iys, how'cver, agreeablj to uhat 

has just been established, being oppositelv polan/ed cannot 111 - 
terieie, though, othciwisc, 111 i cuiiditiou tu do so 

Now, introducing the aua'v/er, it it be a retlector 01 tuunna- 
hue wutli its plane ol rcilexiou or transmission .it right angles tv 
the original ])lam‘, .iiid tlieielore at halt right angles the opposite 
way to the jiniieipal section ot the crj.st.iJ, its effect will lie to 
rcstoie that portion ot both O and A', w'hich it reffects or trans- 
mits tu the same ]]l.iue of pulari/ution , they w ill therefore now 
interfere and jiroduce tJie observed tints. 

If we sup])iisu the an.ily/er a doubly iidi acting crystal, baling 
Its ]iriiic]]ial section 111 the plane ol poluriAitioii, 111 this position 
we shall h.i\e four r.iys emerging ot equal inteusity , tlie rays rd- 


.spcctively formed from O and /. cuntiiinc to differ by the intenal 
ft ^ as, betorc but liere again, in coiisc([Ucncc of the same 
laws, those w liicli belong to the < rdin.iry and uxtraordinay ]ieiici]s 
formed by this cry stal, will also in addition, differ by i/, -h 
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Oo Eo differing by rf + X , and eucli pair being similarly po- 
lari^cdj the raj + of the first will itilei fore together, as will also 
those of the second pencil, hut at periods complemoiitiiry to those 
of. the first, and therefore in coiiipuund liglit giving coniple- 
mentury tint . 


( 'it t uliii Pttltn i 

liifi. We have observed that in geiiei.d, when u jinlaii/ed lay 
IS passed along the a\is of a doiiblj refnicting crj stal, it under- 
goes no ebaiige, but the aiiah/.er presents a d.iik sjiot, as before 

In some substances, liow'ever, there is .i leiiiarkalde oxci'jitioii 
to this law It is most conspicuous m rock crjsl.il, or quart/ , in 
which if a ]iolari/ed raj be traiisiiiitted along the axis, and on 
cniergence aiiiilj/ed by lit land spai, in all positions, there .ire 
still two images, and those of dilKrcut colouv. To ex.iuiuie the 
case more siiifjjilj, however, let us su]>]>ose lli.it homogeneous 
light is used When the uiialj /er is in the ]iosit ion in w Inch no 
light should be produced, the interposition of the rock erjstnl 
allows a certain poition to a]ipear, ,ind in order to in, ike the light 
vanish, the aiialy/er must be turned through ii tnUun imglr, 
from its rectangular position, depimdent on the lliu kiiL\& t'f lltt. 
quails As tho thickness is increased the rotation of the aii.dj/ei 
must be coiitiiiiied, in order to make the light disajqie.ir and w c 
may thus go on through a complete rev'olution, or aiiv iiiinilier of 
revolutions In other vvorils, the uj jw/tii iztilio/i of tin* ray 

•op emerging from the quart/,, is turned through a eerlam angle, 
and this angle continues to increase with the tliickiiess of the 
]ilate, or the p/nwe of jfolai isaltuH is, as it were, livuicd into a 
surface of donhle cm valme, like that which is foiiiied hj a cork- 
screw staircase, siiji|iosiiig the 'stejis indefinitely increased iii 
number, and diniiiiislied in depth, but at each point the ray le- 
raaiiis complelihi fmlai izrd, .i«. is sliewn hv its v.inislimg when 
analvKod 
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157- AI* Ulot, Mho most nccurntcly iiivc'^tig.itoil this siihjoct, 
found, that for a ^ivcii thickness, t]ic .ire of rotitioii rcHjiiisitc 
to bring the plane of pohiri/atioii into the position of ev.niescenco, 
teas ditlereiit for the diHereiit priui.iry nijs, and the proportion a I 
to the reciprocil of the sipiare of the interval t tor the particnlai 
r.i\ Thus k bi iiig a constant, deteriniiieil by esiicriinent, and / 
the thickness, lie fomid tiu arc of rot.ition i, e\])ressed b\, 

_ kl 
/ ■ 

Tims for lotk ciistal ot inch ihitk, the tollouiiig were some 
of the values 

\ilt Ob lit 

Hed 17 " •-)«>' 

Ye’low 2 1" 

X'lolet 1 1" 

lie also obsenitl tins leinarU. ble 1 -it, that in some specimens ol 
quart/ it Mas necessiu to tiiiu the ,iinl\/er to the //gZ/Z httnd, in 
others, to the Zi // hn .1 tieischel obsened i s.ngnlar loiiici- 
deiice IietMeen ties pro[K‘it\ nidtlie light or lelt-haiuleil direction 
111 which ceitaiii small taces ol the cr\stal Zrn/i round the 
suniiiiit these sarielies .nu called plagiedral (pi.irt/. 

Various siibslaiieei have been exannned bj ililleieiit philoso- 
phers III M'hiih tills piopert} e\isls It is round e\eii in leitaiii 
liipiids mint turpentine, ml ot leniuii, and sjriip ot snn.n ^ .n. 
IllStailLLS 

If tMO crystals be siijierposed the arc ot rotation is that due 
to the sum or ditlereiKe of thtir thickness, aiioidiiig as tlu\ ,i,e 
of the same or opjiosite kiiiils ot circiil.ir ])olari/.itioti 'I'liiis the 
resulting effect is cspressotl by 

UT = ,l 1- 4- /,,Z„Ae 

The capitals representing the thickness and rotation ot the com- 
biiiation, the sin.dl letters those of the separate substances, c.icli 
having its proper sign 
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This has been fuuiiil tu hold good not only with crystals super- 
ponied, but with liquids when mixed to{;ctlicr The i^iie of r, or 
index of lolution, is very small in these Huids comjKired with its 
value in the cr> stals 

Some specimens of aiiiethjst present remarkable combinations 
of tints when pohiri/cd light is transmitted along the axis, arising 
from a conqiound structure of quartx. 

IGlt To nnal}/c the nature of the circularly polarized ra}^ 
Fresnel devised an exjieriiiieiit, sinqde in theory but of great deli- 
cacy in ]iractice, to n hich he was led by theoretical considerations 
lie took a ]irism of quart/;, Iia\ing its b.ise parallel to the axis, 
and an aiigli' of irifl" A second similar prism, but formed of 
(jiiart/! of ail ojqiosite rotator} character, was divided into two by 
a jilatie perpendicular to the base bisecting the angle These 
halves nere rcspectiiel} applied with their h\ jiotlienusal sides 
to the oblnpic sides of the first prism, so as tu form .i compound 
rectangular solid, having its tw'o ends perpendicular to the axis 
A raj entering it iii tlic direction of the .ixis, on emergence 
was found diiudcd into tiro, which were seputalcd hi/ a seumblr 
a/it'lc. Without entering into theorctic.d considerations, it is 
eruU'iit that this must be occasioned by some dillereiit refraclivi‘ 
action exercised on the tw'O ^airtiuns of which the rii} consists, at 
the successive surfaces where they eiicoiiiitcrcd a change in the 
rotator} cliaracter 

These two ra\ s are not in the condition of coniiuon doiiblv rt*- 

• • 

fi'acted rai s, for either of tlieiii being exiiiiiined Iw double refrat- 
tion gi\ es two images of equal intensity in .dl .i/imutlis , in this 
respect resembling cummoii light. Rut that they diller from 
common light is shewn by another experiment Tins is ellected 
by means of a jiarallelopiped of crown g’lss, whose index is 1 51, 
and Its acute angUs .lly winch is the essential apparatus for ex- 
lieiiiiients on circular ]iolarizatioii, and is called ihomb 
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Ujwii the enil of this rhonih a ray iiiciilont i)erpi’niliL'nlaTly 
AS ill hu iiitCTiially retlL’Ctcd at one surface, ami thenco again at 
the other, so that it shall emerge ]ierj»eiitlicii[arly to the oilier end. 

If either of tlie ra\s from quart/ jiist spoken ot, he m.ide to 
undergo these lellcMons in the rhoiiih, it emerges toinplt'(rlif 
ptAari^cd in a pl.iiie of 4 .j‘’ inclined to that of relle\ioii * and the 
tivo rajs on sides of that plane, or in }>laiies otiM)*’ iii- 

chned to eacli otlier. 

Ian The revel so «if this ev]jerinicnt is reiiTirkiihle for if a 
jtolati'ril ray he imideiit on the rliunih, so jilaeed that the ]ilaiie 
of retlexion he l.V’ iiulitied to that ot fiolari/atiou, it Mill eiiiergi* 
{'tiiitlaili/ jiularizcd We have thus the means ot re.idil) ])ro- 
curiiig this kind of light, and the properties it disjilays are highly 
curious 

One ot the most striking is, that when Ave reyeat the e\peri- 
inentM on the toloiirs of cr,stalli/ed pl.ites, or the polari/ed rings, 
AAitli ctrciilai, instead of plane, jmlanzed hp^hl, tiioiigli tints are 
similarly ^imdiieed, jet tlioA are not the same, Init difivi hif ti 
qnarlei of a penud nt Itn! And this, with uiiiavi.d eijst.ils, is 
in excess and deteet in alternate quadr.ints, so that the rings ap- 
]>ear didwah'd, those in one quadrant being pushed out, as it 
AA’ere, and those in the ad}aeetit, pushed m, hy .i qiiarter oi a 
tint In hi iMiil crAstals the same tiling a]iplies to the .dteriiate 
seinicirtles 

Fresnel found this modiluatioii coiiiiniiiin.a1eil hy hitcrii.il re- 
flexion .It other angles, it the niiiiihor of reflexions «".is increased 

Wlien the ihonih is pi iced in am other position th.iii h.iriiig 
the jilaiie of reflexion at h.dl right angles to the plane of ])o- 
hin/iition, the light .icqiiircs a^ modilKatioii >]iiiilar to circular 
]iol.iri/atioii, Aihich from certain analogies into xvliiuh ive cannot 
here enter, is called elliptic polarisation 



IS2 CIRCULAR POLARIZATION. 

I (SO Sir 1 ) liipwstur has mada a niimhcr of curious and va- 
liiablo rosparchos on the effect lll)])^es^cd ujion li^ht by rellexion 
from metallic surfaces^ and which arc considered to liai'e a close 
connexion with circular or elliptic polari/ation 

ITc conceives that metallic reflexion polarizes li^lit in two su- 
perposed ])eiicils 111 op])osite jilaiies, but of unequal iiitensitv , 
and viewing tins as analo^utis to circular ])ol.ir]/ation in which 
the} are of equal iiitensit}, denoiniiiates this elliptic ]iulari/.u- 
tioii 

He .dso slieus, th.it uliere.is after circular poliiri/ation a ray is 
lestered to a state of plane polari/ation b\ successive internal 
retlexioiis (as above mentioned) ul //^c same whatever be 

tlie inclination of the planes of the iirst and the second reflexions, 
on the other h.ind in successive retlexioiis fioin metallic siirf.ices 
//n* a»^lr tun n 4 with tlieiiKlinalion of the ]>laiics of rellcMoil 
Professor An\ has shewn ih.if the light whuli euiistitutes the 
two lavs ]iiod(iced bv the double leiiaction ot quart/, consists of 
li}>; 1 it elliptie.dlv ])olari/ed acLordnij* to the iirst meaning ahov'e 
alluded to, the positions coi respond uig to tho'-e which the analogy 
would .issigii to tlie in qor axes, being in planes at right angles * 
and the one r.iv right, the other lett-handed 

Tbit it would he nnsiiitahle to the pl.in of tins work to enter 
further into these delicate and lecondite eiupiirics more espe- 
ci.dly since the nd.ition between these results ami those of Sir 
1 ) Hrewstei seem-, vet open to coiisidi'i.ible quest ion The 
ri'iider must he letened to the ]».i])er of the l.ist .lutlior 111 
(fie Phil Trans and to those of Professor Airy in the 

C.inihrnlge 'J'r.iiis.ictioiis, IR'TI, and IfilitT, as .dso to Ins Tract 
on the Uiidiilalory Tlieoiv ot Optics, .ippeiidcd to the second 
edition of hib i\Iatheiii.itic.d Tracts, C.imhridge, Ifkil 


nil h Ml 



ADDENDUM! 


Paffc 1112, at the* ciul «>f Art 111 

The shiftiiij' of the stri|iua i$i precisely the same thing in priii- 
ciple as their non-apjieanuicc in the simple exjierinient beyonfl n 
short distance from the centre A distinct stripe mil cease to 
be formed at a distance from the centre corrcsjiondiiig to a 
difference nx, when /torn any cause » is so iiicroiised that the 
difference in distance of the same bright point for the different 
primary rays 

‘r <'» = i (^r 

exceeds the mean hroailth of a stripe, when this hapiiens, the 
stripes become coiifoiiiidcd tr^'tlier into an uniform white light. 

Ill tile simple (‘xpcrimcnt, this incrensc of » depends merely 
on the difference of the iirliial lengths in sjuice of the two rays 
which meet. In the retardation expeninont, it depends on the 
difference of length of route as measured by the nnmbet of intet - 
vah. At the central point, in the simjile e\})criuieiit n =s 0, at 
the same point cm the ocreen, when one r.iy has been retarded, 
n IS a considerable number, and wu must advance much mure 
towards tlie side on which the interception takes places to find a 
])uint where two rays meet whose diifcrciiL'c of route is cither () 
or n number within the limits required. 



E IL K A 1 A 

Page 31, 1. 9, For equation (2), read equation (9)> 

23, 1 15, At the end of the equation add, (14) 

I he notu belongs to the preceding page 
H9, 1. 5. For to, read so. 

92, 1 19, For explained, read examined. 

101, I 3, rays) tead ) rays. 

119, 1. 15, &c. For rhomboidal, read rhoinbohcdral. 
164, 1 2, For perimeter, lead parameter 
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